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5.1. Some Preliminary Remarks

In this chapter, we give an analytic proof of the famous Prime number theorem, a result first
obtained in 1896 independently by Hadamard and de la Vallée Poussin.
THEOREM 5.1. As X — oo, we have

X
log X~

m(X)

As in our earlier study of the distribution of primes, we use the von Mangoldt function A. For
every X > 0, let

(X)) =Y An).
n<X
THEOREM 5.2. As X — 00, we have

X
log X~
PROOF. Recall the proof of Theorem 2.5 due to Tchebycheff. We have

(5.1) P(X)=Y Am)= ) logp= Y (logp) > 1
p,k

Y(X)~X if and only if w(X)

n<X p<X 1<k<10gx
pF<x ey
log X
= E (log p) [ 08 ] < w(X) log X.
log p

p<X
On the other hand, for any « € (0,1), we have

(5:2) P(X)= D logp= Y logp > (n(X) — m(X*))log(X®)
p<X Xo<p<X

=a(r(X) —7(X%))log X.
Combining (5.1) and (5.2), we have
LX) wX) _eX) _ w(x)
X/log X X/log X X X/log X
Since « < 1, it follows from Tchebycheff’s theorem that as X — oo, we have
m(X)
_—
X/log X
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(5.3)
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Suppose that as X — oo, we have 7(X) ~ X/log X. Then as X — oo, we have
m(X) (X
e -«
X/log X X/log X
It follows that for any € > 0, the inequality

X
a76<¥<1+e

holds for all large X. Since « < 1 is arbitrary, we must have

¥(X)
x !

as X — oo.
Note next that the inequalities (5.3) can be rewritten as
W) _ w(X) LX) w(x9)
X T X/logX T a X X/log X~
Suppose that as X — oo, we have ¥(X) ~ X. Then a similar argument gives
m(X)
X/log X

—1
as X —o00. O

5.2. A Smoothing Argument

To prove the Prime number theorem, it suffices to show that as X — oo, we have ¢¥(X) ~ X.
However, a direct discussion of ¢(X) introduces various tricky convergence problems. We therefore
consider a smooth average of the function . For X > 0, let

X
(5.4) w0 = [ vl de
0
THEOREM 5.3. Suppose that as X — oo, we have ¥1(X) ~ %Xz. Then as X — oo, we have
B(X) ~ X

PROOF. Suppose that 0 < @ < 1 < 3. Since A(n) > 0 for every n € N, the function v is an
increasing function. Hence for every X > 0, we have

1 (BX) — 1 (X)
B-nx

1 AX
1/J(X)<7HX_X/X P(r)dr =

so that

B(X) _ a(BX) — i (X)
X - pB-1nx2
On the other hand, for every X > 0, we have

(5.5)

L[ B0 wi(aX)
00> 3oy [ pear = SRS

() _ $(X) = (aX)
X 7 (l-a)x?

so that

(5.6)

As X — oo, we have

GBX) — i (X) 1 (1, 1) _1
>0 N(Epe Nﬂ—1<26_2>:2(ﬁ+1)

and

(5.8) :

Since a and § are arbitrary, we conclude, on combining (5.5)—(5.8), that as X — oo, we have

P(X)/ X ~1. O

P1(X) — Y1 (aX) 1 1 _ 1
(1—a)X? Nl—a(2_2a2)_(a+1)'
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The rest of this chapter is concerned with establishing the following crucial result.

THEOREM 5.4. As X — 0o, we have 11 (X) ~ $X2.

5.3. A Contour Integral
The following theorem provides a link between (X ) and the Riemann zeta function ¢(s).
THEOREM 5.5. Suppose that X >0 and ¢ > 1. Then
1 c+ioco Xs+1 /
L ) g,
c—ioco 8(8 + 1) C(S)

where the path of integration is the straight line o = c.

A crucial step in the proof of Theorem 5.5 is provided by the following result concerning a particular
contour integral.

THEOREM 5.6. Suppose that X >0 and ¢ > 1. Then
1/”“ X o if X <1,
omi Joio s(s+1) | 1-X"1, ifX>1
PRrROOF. Note first of all that the integral is absolutely convergent, as
X . Xec
s(s+1)] [t

whenever 0 = ¢. Let T' > 1, and write

1 c+iT Xs
Ir= — L
= o /HT s(s+1)

Suppose first of all that X > 1. Let A~ (¢, T) denote the circular arc centred at s = 0 and passing
from ¢ —iT to ¢+ iT on the left of the line ¢ = ¢. Furthermore, let

1 X3
L
21 Ja-(e,r) 8(s +1)
Note that on A~ (¢, T), we have | X?®| = X7 < X€since X > 1; also we have |s| = Rand |s+1| > R—1,
where R = (¢2 4+ T?)2 is the radius of A= (c,T). It follows that
1 Xe X
<2 orR< T = oo
|J 7 | o7 RR— 1) TR T_1—>0 as T — o0

By Cauchy’s residue theorem, we have

_ XS XS B 1
IT—JT +I‘es(8(s+1),0>+res<s(8+1),l>JT+1X .

The result for X > 1 follows on letting T" — oo.
Suppose now that X < 1. Let AT (¢, T) denote the circular arc centred at s = 0 and passing from
¢ —iT to ¢ +1iT on the right of the line ¢ = ¢. Furthermore, let
gt 1 X9

= —ds.
T 271'1 A+(c,T) S(S + 1)

Note that on AT (¢, T), we have | X*| = X7 < X¢ since X < 1; also we have |s| = R and |s + 1| > R,
where R = (2 4+ T?2)z is the radius of At (c, T). It follows that
1 X¢ Xe
F< —=527R <
|J7] < 5 T2 TR <

By Cauchy’s residue theorem, we have

—0 asT — .

Ir=J}.

The result for X < 1 follows on letting ' — co. O
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ProOOF OF THEOREM 5.5. Note that for X > 1, we have

X X X
X):/O w(x)dz:/l w(x)dx:/l D> A(n) | dz =Y (X —n)A(n),

ne n<X

the last equality following from interchanging the order of integration and summation. Note also that
the above conclusion holds trivially if 0 < X < 1. It therefore follows from Theorem 5.6 that for
every X > 0, we have

= ()= 8 (1 e = 5 [ e

n<X n<X n=1 —1oo

where ¢ > 1. Since ¢ > 1, the order of summation and integration can be interchanged, as
o c+ioco X A 00 1
Z/ A(n)(X/n)® 1ds| < XCZ (”)/ q
n—1+7c—ico (S + 1 n=1 ne —o0 C2 + t2

is finite. It follows that

piX) _ 1 XS ) L T X ()
/C )Z d ds

X 21 e s(s+1) & N

w7 2w e s(s 1) C(s)

as required. ()

5.4. The Riemann Zeta Function

Recall first of all Theorem 4.11. In the case of the Riemann zeta function, equation (4.7), with
a(n) =1 for every n € N, becomes

X
(5.9) Z n °® = s/ [x]z~ 5 de + [X]X ¢

n<X
bl X
= s/ x~%dx — s/ {r}z~ 5 de + X5 - {X}X°
1 1

X
_ 5 s . {z} dz + 1 _{X}.
s—1 (s—1)Xs-1 ; astl Xs-1 Xs

Letting X — oo, we deduce that

(5.10) () = —— - 8/100 ;i-}l dw

s—1

if o > 1. Recall also that (5.10) gives an analytic continuation of ((s) to ¢ > 0, with a simple pole
at s = 1. We use these formulae to deduce important information about the order of magnitude of
|¢(s)] in the neighbourhood of the line o = 1 and to the left of it. Note that {(c + it) and ((o — it)
are complex conjugates, so it suffices to study ((s) on the upper half plane.

THEOREM b5.7. For every o > 1 and t > 2, we have
(i) [¢(s)] = Ollog1); and
(i) [¢(s)| = O(log™?).
Suppose further that 0 < 6 < 1. Then for every o > § and t > 1, we have
(iii) [C(s)] = O5(t"~°).
PROOF. For 0 > 0,t > 1 and X > 1, we have, by (5.9) and (5.10), that

(5.11) OED> ni - — EE— Xi_l + {;(i} -/ {i}l

L

= (8 _ 1)Xs—1 Xs xé-&-l
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It follows that

1 < 1

IfJ}l,lf}landX/l,then
1¢(s)] <T§(i+1+1+1+t < (1ogX+1)+3+%
Choosing X = t, we obtain
[C(s)] < (logt + 1) + 4 = O(log ),
proving assertion (i). On the other hand, if o > 4, ¢ > 1 and X > 1, then it follows from (5.12) that

1 1 t\ 1 X1 X1=5 3 X119 3t
<Y SH—t+(2+5) < —d S 7 Xt
s 2, ot ( " 5> X7 /0 AT S T > <

Again choosing X = ¢, we obtain
1 3
1 S| —+1
(5.13) el <= (s r1e3).

proving assertion (iii). To deduce assertion (ii), we may differentiate (5.11) with respect to s and
proceed in a similar way. Alternatively, suppose that sg = og + itg satisfies og > 1 and ty > 2. Let
C' be the circle with centre sg and radius p < 1/2. Then

¢/ (50)] = | /C(“S)ds]sM,

2 5 — 50)2 p

where M = sup,c |¢(s)]. Now for every s € C, we clearly have
czopg—p=1l—p and 2ty >t>tg—p> 1.
It follows from (5.13) that for every s € C, we must have, with § =1 — p,
3 10t8
(s <(2to)"< +1+) <=2,
€(s)] P > ;
since p < 1/2 <1 —p < 1. It follows that

10t8
(el < 5"

We now take p = (logto +2)~!. Then ¢ = e?!°8% < e, and so
¢’ (50)] < 10e(logty + 2)2.
Assertion (ii) now follows. O

THEOREM 5.8. The function ((s) has no zeros on the line o = 1. Furthermore, there is a positive
constant A such that as t — oo, we have, for o > 1, that

1

—— = O((logt)*).
iy = Olloxt)")
PRrROOF. For every 6 € R, we clearly have
(5.14) 3+ 4cos + cos20 = 2(1 + cos0)? > 0.

On the other hand, it is easy to check that for ¢ > 1, we have

IOgC Z Z mpms’

p m=1
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so that

(5.15) log [C(o +it)| = Re <i C””Uit> Z can 7 cos(tlogn),
=2

where '

(5.16) o, = { é)/m, i)ft}?er:wzi?;? where p is prime and m € N,

Combining (5.14)—(5.16), we have

log |3 (0)¢H (o + it)¢ (o + 2it)| = chn (3 + 4 cos(tlogn) + cos(2tlogn)) > 0.
n=2

It follows that for o > 1, we have

1
C(UJ“t (0 +2it)] > ——.
p—

(517) (o= 1¢(o)? -

Suppose that the point s = 1+ it is a zero of {(s). Then since ((s) is analytic at the points s = 1+ it
and s = 1 + 2it and has a simple pole with residue 1 at s = 1, the left hand side of (5.17) must
converge to a finite limit as ¢ — 14, contradicting the fact that the right hand side diverges to
infinity as 0 — 1+. Hence s = 1 + it cannot be a zero of {(s). To prove the second assertion, we may
assume without loss of generality that 1 < o < 2, since for o > 2, we have

= [Ta-»)

P

¢(s)
Suppose now that 1 < o < 2 and ¢ > 2. Then by (5.17), we have
(0= 1) < (o = DC(@)PIC(o +it) ¢lo + 2it)] < AlC(o +it)| log(26)
by Theorem 5.7(i), where A is a positive absolute constant. Since log(2t) < 2logt, it follows that

<J[a+p77) <o) <<2).

’ 1
P

. (c—1)%
(5.18) [((o +it)[ = (ot

where A, is a positive absolute constant. Note that (5.18) holds also when o = 1. Suppose now that
l<n<2 Ifl1<o<nandt>2 then it follows from Theorem 5.7(ii) that

n
IC(o +it) — ((n+it)| = / ¢(x+it)dx| < Az(n —1)log?t,
where Aj is a positive absolute constant. Combining this with (5.18), we have
. . 2 (n— 1)% 2
(5.19) ¢l +it)] > ¢+ it)] — Ag(n — 1)log? ¢ > ~ T2 Ay( 1) log?t.
Az (logt)s

On the other hand, if n < 0 < 2 and ¢t > 2, then in view of (5.18), the inequality (5.19) must also
hold. It follows that inequality (5.19) holds if 1 <o < 2,¢ > 2 and 1 < n < 2. We now choose 7 so
that

SUIh)LE 1)%1 = 243(n — 1) log ;
Az (logt)1

in other words,
=1+ (24245) " (logt)~*,
where t > tg so that n < 2. Then
C(o +it)] > Az(n — 1) log”t = Ay(logt) ™"
forl<o<2andt>t. O
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5.5. Completion of the Proof

We are now ready to complete the proof of Theorem 5.4. By Theorem 5.5, we have

%(X) 7 1 /c+ioo o
(5.20) Xz o) G(s)X° " ds,
where ¢ > 1 and X > 0, and where
1 '(s 1 1
G(s) = S ¢(s)

Cs(s D) () s(s 1) TC(s)
By Theorems 4.8, 5.7 and 5.8, we know that G(s) is analytic for 0 > 1, except at s = 1, and that for
some positive absolute constant A, we have

(5.21) G(s) = O (|t| > (log [t)*(log [t))*) < |¢ 72
for all |t| > to. Let € > 0 be given.

1+iU - c+iU
Mo
lLS
a+iT > 1+iT
Ly
ng
Lo
o —iT — 1-—iT
L [
M,
1—-iU c—1U

We now consider a contour made up of the straight line segments
Ly =[1-iU,1—-iT],
Ly=[1-iT,a —iT],
Ls =[a—iT,a +iT],
Ly=[a+iT,14iT],
L; =[1+4iT,1+1iU],

5
where T = T'(e) > max{to,2}, « = a(T) = a(e) € (0,1) and U are chosen to satisfy the following
conditions:

(i) We have

/ IG(1+it)|dt <e.
T
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(ii) The rectangle [a, 1] X [T, T] contains no zeros of ((s). Note that this is possible since ((s)
has no zeros on the line ¢ = 1 and, as an analytic function, has at most a finite number of
zeros in the region [1,1) x [T, T1.

(iii) We have U > T.

Furthermore, define the straight line segments
M; = [e—1iU,1 - iU],
My = [1+4iU,c+1U].
By Cauchy’s residue theorem, we have

1 c+iU

2
s—1 _ 1 s—1
(5.22) G(s)X° " ds = o E_ ” G(s)X° " ds

27i c—iU

Z/ G(s)X* 1ds +res(G(s) X1, 1),

27r1

where, for every X > 1, we have

(5.23) res(G(s) X711 1) =
Now
(5.24) G(s)X*Lds| = / Gs)X*ds| < / G(1+1t)] dt < e.
L4 Ls T
On the other hand,
1 1 ' 1 M
5.25 G(s)X* ds| = G(s)X* " ds M/ X7 do
(5.25) [ aw [ aw i oy
and
(5.26) G(s)X* tds| < 2TM X1
L3
where
(5.27) M=M(a,T)=M()= sup |G(9)|
LoUL3ULy
Furthermore, by (5.21), we have, for j = 1,2,
(5.28) / Gs) X" ds| < / U 3X7 1 do < 2y}
' = log X ’
Combining (5.22)—(5.28), we have
€ M T™ X HU|“3

1 c+iU 1
—/ G(s)X*'ds— =

2mi

<
iU 2 7r+7rlogX+7rX1*°‘+ mlog X

On letting U — oo, we have

B(X) 1 _e, M TM
X2 2| 51 wlogX  wXl-e’
It clearly follows that as X — oo, we have
Pi(X) 1
— —.
X2 2



