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7.1. Selberg Inequalities

One of the greatest achievements in mathematics in the twentieth century is the proof in 1949 by
Selberg of the Prime number theorem using elementary techniques, more than 50 years after the first
proof of the same result. For every X > 0, write

Y(X) = Aln).

n<X

Recall that a statement that corresponds to the Prime number theorem says that (X) — X = o(X)
as X — oo.

The intermediate result that underpins Selberg’s proof is sometimes known as the Selberg identity,
although it is in fact an inequality. Since Selberg’s original paper, different versions of the same
inequality have been established.

For every X > 0, write

I(x) = Z log p.

p<X

THEOREM 7.1 (Selberg inequalities). As X — oo, the following four inequalities are equivalent:

(7.1) 9(X)log X + <ZX19 (X) logp = 2X log X + O(X),
(7.2) »(X)log X + éxq/; (f) A(n) = 2X log X + O(X),
(7.3) > A(n)logn :\Z A(m)A(n) = 2X log X + O(X),
n<X m<n
(7.4) (X)log X + mnijx A(m)A(n) = 2X log X + O(X).
mn<x

Furthermore, they all hold as X — oo.

Here (7.1) is the original assertion of Selberg. We establish (7.3) and use (7.2)—(7.4) to deduce the
Prime number theorem.
To show that (7.1)—(7.4) are equivalent, we show that each of the three terms

(7.5) 9(X)log X, (X)logX, Y A(n)logn
n<X
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68 7. ELEMENTARY PROOF OF THE PRIME NUMBER THEOREM

differs from each other by O(X) as X — oo, and also that each of the three terms

(7.6) >0 (i) logp, > ¥ (:) A(n), > A(m)A(n

<X n<X
rx < mn<X

differs from each other by O(X) as X — oc.
To show that the first two terms in (7.5) differ by O(X), we simply note that

log X
(7.7) 0<PX) —9(X)= > logp< Y “fgp} logp = O(X % log X).
p]?<kX p<x
k>2

To show that the last two terms in (7.5) differ by O(X), we use partial summation (4.10) with
a(n) = A(n) and f(x) =logz. Then

Z A(n)lognzw(X)logX—/1 @d

n<X

The inequality (5.1), together with Tchebycheff’s theorem, gives ¢ (z) = O(x), so the integral on the
right hand side is O(X), and

(7.8) > A(n)logn —1(X)log X = O(X).

n<X

The last two terms in (7.6) are in fact equal. It is easy to see that

> o (X)aw = X5 amam = X A

n<X n<X mg £ mn<X
X

To show that the first two terms in (7.6) differ by O(X), we note first that

0<Z¢<f) ;{&( )logp

n<X

R G G))rme o (D)o 0 () o

Denote by P(n) the characteristic function of the primes, so that P(n) = 1 if n is a prime, and
P(n) = 0 otherwise. Then it is not difficult to show that

o) re=2e(G)re
Zo(5)am= g5 o

o< T (2) a0 -5 (£) 1000~ > (v(3) - 9(%)) a0+ Peaca)

>),

<2R<ZX<w (f) ﬂ(f))z\(n)o (XH;XA;

the last step justified by a weaker version of (7.7). Finally, using partial summation (4.10) with
a(n) = A(n) and f(z) =2~ 3, we have

ZM:%+2 X@dz:()(x%).

3 1 xrs

and trivial that

3
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We now establish that (7.3) holds as X — oo. Clearly this follows from the following two results.
For every X > 1, write

(7.9) Z Zu log —

n<X mln
THEOREM 7.2. As X — oo, we have
(7.10) T(X)=" A(n)logn+ Z A(m)A(n) + O(X).
n<X
mn<X
THEOREM 7.3. As X — oo, we have
(7.11) T(X)=2X1og X + O(X).
ProoOF OF THEOREM 7.2. Note that
Z w(m log = log® X.
m|l
For n > 1, we have
(7.12) Zu( log — Zu )(log? m — 21log X logm + log® X))
= Z p(m)log? m — 2log X Z w(m)logm,

in view of Theorem 1.12. Theorem 2.2, together with Mobius inversion, gives
(7.13) Z p(m)logm = —A(n).
m|n

On the other hand, in view of (7.13), we have

Z A(R)A(K) = ZA(h)A (7) = ZA Z m)logm = Zu ) logm Z A(h)

h|n h|n m| 3 m|n h| 2
hk=n
n
=— logmlog — = A(n)1 log® m.
3 ) ol [ = Aol + 3t o

Note that the right hand side of (7.12) vanishes when n = 1. It follows that
T(X) =log’ X +2¢(X)log X — Y A(n)logn+ Y > A(h)A(k

n<X n<X hk
hk=n

The inequality (7.10) follows on noting (7.8). O
To prove Theorem 7.3, we first need a simple result.

THEOREM 7.4. Let k > 0 be a fized exponent. As X — oo, we have

(7.14) > log" % = Op(X).

PRrROOF. Note that logu is an increasing function for u > 1. It follows that for every integer n > 2,
we have

X " X
log’C — < / logk — dt,
n n—1 t

Z log— / logk—dt:X/ o8 udu<X/ %8 Y .
t 1 u? 1 u?

2<n<X

and so

Note that the integral on the right hand side is convergent. ()
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PROOF OF THEOREM 7.3. For every X > 1, write
(7.15) s(x)=3 ulm) |
m
m<X

Note that the summand in (7.9) is independent of n, so that on changing the order of summation,
we have

(7.16) 7(x)= Y {X} u(m) logQ% —x7x)+0| Y 1og2%

m
m<X m<X

It follows from (7.14) that 7 (X) = X.(X) + O(X) as X — oo. Hence it remains to show that as
X — o0, we have

(7.17) S (X) =2log X +0O(1).

To establish this, we use Theorem 1.8 with Y = X/m, so that

(7.18) log— Z——7+O< )
h<E

Substituting for one of the logarithmic terms in (7.15), we have

(7.19) y(X):Z@log% Z——~y+0< )
m<X h<7
=y > M X s e X oy,
mﬁth% m m<X

in view (7.16). On the one hand, we have

(7.20) ZZ“}%? 7_2 Z“ 10g7

m<X pgX n<X m\n
1 1
-3 LS umonx - 3 L S tmtosm

A(n)
=log X + Z = 2log X +O(1),
n<X

in view of Theorem 1.12, (7.13) and Theorem 2.6. On the other hand, using (7.18) again, we have

D VY P Yol POFERATICY
m<X m<X hgfi
=Y IS 3 M 00y = o),
n<X m|n m<X

in view of Theorem 1.12 and the observation that

(7.22) > %

m<X

/N

The assertion (7.17) follows on combining (7.19)—(7.21).
To deduce (7.22), note that for every X > 1, in view of Theorem 1.12 and then changing the order
of summation, we have

(7.23) 1= 3 Y um) = 3 |2 wtm

n<X mln m<X
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But then

>[5 wem = x X M 5w {21

m<X m<X
so that

A { }<1+X
m
m<X m<X
The inequality (7.22) follows immediately. O

REMARKS. (i) Indeed, X.7(X) is the function discussed in Selberg’s original paper.
(ii) A slightly simpler way to deduce the inequality (7.11) is substitute the identity (7.23) into
(7.16) to obtain

T(X)-7"= ) [ﬂ p(m) (10g2i—72>
-x ¥ % <log2ji—72) +o (Y log2% ,

m<X

so that, in view of (7.14), we have

T7X)=Xx Y plm) (1 2 72> +O0(X)
m<X
_ p(m) X X
_XZ - (logm—fy> (logm—&-v + O(X)
m<X
_ ) (e X~ Liom
— X p (logm y)< h+o(X) +O(X)
m<X hg%
p(m) X 1
=X o (logm—w>zh+0 Zlog— + O(X)
m<X hg% m<X
=X plm) (logX —7) l—l—O(X)7
m m h
m<X hg%

conveniently using (7.18) and then using (7.14) again. The inequality (7.11) can now be deduced in
a similar way as before.
7.2. A Smoothing Argument
For every X > 0, let
RX)=¢(X)—X and F(X)=¢(X)+X.

Then F(X) is an increasing function. Furthermore, as X — oo, we clearly have

(7.24) F(X)=0(X).
Suppose that X’ > X" > 0. Noting that ¢(X) is an increasing function, we have
(7.25) IR(X) =] RX")]| < [R(X') = R(X")| = [$(X') = p(X") = X" + X"

<YX) = p(X") + X' = X" = F(X') - F(X").

Our aim is to show that R(X) = o(X) as X — oo by using the Selberg inequalities.
Note that it follows from Theorem 2.6 that

ZR(?)A(n)Zzﬁ(f) XZ 21/)( ) — Xlog X + O(X).

n<X n<X n<X n<X
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Substituting into (7.2), we obtain

X
R(X)logX + Y R () A(n) = O(X).
n<X n
For every positive integer n < X, we clearly have
X X X X
R|— |log— R{— |A =0(—).
(e 2 ()2 =0 (3)

Combining these two inequalities and using Theorem 2.6 again, we have

(R(X) logX+ Y R (f) A(n)) log X — > A(n) (R (f) log% + > R (é) A(m)>

n<X n<X m<E
X X
= R(X)log> X + Z R () A(n)logn — Z Z R () A(m)A(n)
n<X " n<X mg X mn

= O0(Xlog X)+ O XE:M = O(X log X).
n
n<X

Clearly

> 5 R ) Amse = 5 r () Amam = X R () S Amam).

n<X mgX m,h n<X m,h
" mh<X mh=n
and so
9 X X
R(X)log* X = Z R|— Z A(m)A(h) — Z R{— ) A(n)logn+ O(X log X).
n<X n m,h n<X n
mh=n
It follows that writing
(7.26) cn=Am)logn+ > A(m)A(h),
we have
X
(7.27) IR(X)log” X < Y ¢y |R <>‘ + O(log X).
n<X n
Note that as X — oo, we have
(7.28) Y en=2Xlog X + O(X),
n<X

in view of (7.3).
To proceed from this point, we need the following smoothing result.

THEOREM 7.5. For every n € N, let ¢, be defined by (7.26). As X — oo, we have

(7.29) D en R(i)' :2/1X ‘R()f)

n<X
PRrROOF. First of all, we use partial summation (4.9) with a(1) = ¢,

logtdt + O(X log X).

al) =cn—2 [ logtdt, n=2.3.4...
n—1

and f(n) = |R(X/n)|. Then

[2]
(7.30) S(x) =Y an) = cn— 2/ logtdt = O(x),

n<T n< 1
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and it follows from (7.25) that

ngzxcn R@()‘ —22<;X’R <f§>

-2 oG-k

-0 2 (5) ()

It is easy to see, in view of (7.24), that

e () () - () e ()

=0 > ~ | =0(Xlog X)
n<X
and so
(7.32) > en R(X>‘ -2 ‘ < )‘/ logtdt = O(X log X).
n
2<n<X

n<X

On the other hand, for every integer n satisfying 2 < n < X, in view of (7.24) and the monotonicity

()f F we ha\/e

P ) (a2 (5 oo
()2

X
(7.33) ‘ ( )‘/ 1ogtdt—/ ‘R () logtdt
2<n<X t
n n X
/ 1ogtdt—/ R(X) logtdt‘—l—/ ‘R (X>
n—1 n—1 t [X] r

<z [*G)
=0 > n(F(f)—F(n)jl)) + O(log X)

logtdt

logtdt

2<n<X
n<X—1

=0(Xlog X),
in view of (7.31). The inequality (7.29) now follows on combining (7.32) and (7.33). O

REMARK. Note that the choice of the smooth function f(t) = 2logt satisfies
b's
/ ft)dt =2Xlog X.
1

See the inequalities (7.28) and (7.30).
Combining (7.27) and (7.29), we obtain

(7.34) |R(X)|log? X < 2/1X ’R ()t()

logtdt + O(X log X).
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7.3. A Logarithmic Viewpoint
Let us study the problem at the logarithmic scale. For every real number p > 0, write
(7.35) V(p) =ePR(e’) = e P(ef) — 1.
Furthermore, write X = ef. With the substitution X/t = ", we have

/1X ]R (5) 1ogtdt:)</0’E V€~ n) =X/OE /j v<n>|drdn:X/o5 ([ wenian)ar

Then it follows from (7.34) that

13 T
(7.30 evel< [ ([ wmlan)ar+ o).
o \Jo
It is clear from (7.35) that V'(p) is bounded as p — oco. Then
(7.37) a =limsup|V(§)| and (= hmsup / [V (n)|dn
§—o0

are well defined. Note that |V (£)| < o+ o(1) as £ — oo, and the inequality fails if « is replaced by a
smaller number. On the other hand, as £ — oo, we have

13
/0 V()| di < B¢ + o(©),

and so it follows from (7.36) that

3
V) <2 [ (r+ofr) dr+0(€) = 5 + o(€?),
and so |V (€)] < B4 o(1). Tt then follows from (7.37) that a < 5.

7.4. Deduction of the Prime Number Theorem

The Prime number theorem will follow if we can prove that V(§) — 0 as £ — oo; in other words,
that a = 0. We assume on the contrary that « > 0, and deduce the erroneous conclusion that 8 < a.

We need some intermediate results.

THEOREM 7.6. There exist positive constants C1 and Cy such that the following hold:

(i) For every non-negative &1, & satisfying & < &2, we have

&2
(7.38) V(n)dn| < Ch.
&1
(ii) Suppose that V(no) = 0 for some ng > 0. Then
o+« 3 5 a
(7.39) / [V(n)|dn < —a + Cy—.
7o 4 Mo

PROOF. To prove (i), note that partial summation (4.10) with a(n) = A(n) and f(z) = 1/z gives
A
> M) 50 ¥,
1

n X
n<X

It then follows from Theorem 2.6 and ¢ (X) = O(X) that
X
¥(t)
Writing ¢ = € and X = ef, we then have

/;V(n) . /lx 111(215) ) /1X (z/;t(Qt) - 1) dt = O(1).

The inequality (7.38) follows immediately.
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To prove (ii), we start with the inequality (7.4). If 1 < Xy < X, then we also have
(7.40) $(Xo)log Xo+ Y A(m)A(n) = 2Xglog X + O(Xy).

m,n
mn<Xo

Subtracting (7.40) from (7.4), and noting that the sum
> A(m)A(n)
Xo<emn<X
is non-negative and that the function ¢ (X) is increasing, we have
0 < ¥(X)log X —9(Xo)log Xo < 2(X log X — Xglog X) + O(X),
and so
(7.41) |R(X)log X — R(Xo)log Xo| < Xlog X — Xolog X + O(X).

Suppose that V(ny) = 0 and 9 < n < 1o + @. Then writing X = " and Xy = e, we have
R(Xp) =0, and it follows from (7.41) that

€7V (n)n| < e — e™ng + O(e").
By the mean value theorem,

e —e"ng = (n —no)e (1 +17)
for some 7] satisfying 19 < 77 < 7, and so

e"(1+7) < 1 > 3 < 1 >
Vi< n—m)————=+0 | — | <z(n—mn) +O0 | — ).
Vo)< =) ) <im0
The inequality (7.39) follows immediately. O

Suppose now that a > 0. We choose a suitable § > «, to be fixed later, and study the behaviour of
the function V() in an interval [, 74 0]. Note that V(n) is strictly decreasing at points of continuity,
with positive jumps at points of discontinuity. Consider the open subinterval (7,7 +§ — ). It is easy
to see that either there exists ng € (7,7 + d — «) such that V(n) = 0 or V(n) changes sign at most
once in (1,7 4+ d — ).

In the first case, we write

[TvT+6] = [Taﬂo} U [770;770 —|—Oé] U [770 +C¥,T+5]~
Then

4
= (6 — a)(a+o(1)) + Zaz + 0 = <a (1 - (Z - (’;2) (15) +o(1)> )

Clearly there exists a positive constant C5 = C3(«), depending at most on «, such that

[ e <a(i- &)

T+0 o
[ Wldn < m =)@+ o) + Ja + Co% 4 (746 — o = a)la + (1)

whenever 7 > Cs.
In the second case, if V(1) changes sign at n; € (7,7 +d — ), then we write

[r,7+6—a]=[r,m|U[m, 7+ 06— al.

T+i—« T+o—a
/ Vi)l dn = / V() dn

m
If V(n) does not change sign in (7,7 + ¢ — «), then

T+é—a THo—a
/ [V(n)ldn = / V(n)dn

Then

< 2C;.

/ "V dn‘ ;

< (.
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In either case, we have

T+o—o
[ i<,
and so, writing
[r,7+d8=[rT+d6—a]U[T+§—a, 7+,
we have

T+6 )
20
/ [V (n)|dn < 2C) + (a + o(1))a = <1+a

)

Clearly there exists a positive constant Cy = C4(«), depending at most on «, such that

T+6 2
[ vl <

whenever 7 > Cy.
Now let
24C, + 902
)= ﬂ >
8a
Then
3CT + a? «
IS —a(1- ).
) 86
Given a large real number &, let the integers Ky and K satisfy the inequalities

(Ko —1)0 < max{C3,Cs} < Kpé and Ké <& < (K +1)6.

Then
€ Koé K (k+1)8
/0 V)l dy < / vonian+ 32 / Vel
<Ko¢<1—%)5+0(1):a(l—%>£+o(§).

It now follows from (7.37) that

6<a(1—§—6><a,

a contradiction, and this completes the proof of the Prime number theorem.



