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2.1. Gaussian Integers

In this chapter, we study the problem of adjoining irrational numbers to the rational number field
Q to form algebraic number fields, as well as the ring of integers within any such algebraic number
field.

However, before we study the problem in general, we first of all investigate the special case when we
adjoin the complex number i, where i2 = —1, to the rational number field Q to obtain the algebraic
number field Q(i) of all numbers of the form a + bi, where a,b € Q. Many of the techniques in the
general situation can be motivated and developed from this special case.

It is easy to see that Q(i), with the usual addition and multiplication in C, forms a field. The
subset Z[i] of all numbers of the form a + bi, where a,b € Z, forms a subring of Q(i). Elements of this
subring Z[i] are called gaussian integers.

Our first task is to develop a theory of divisibility among gaussian integers.

Suppose that «, § € Z[i] and « # 0. Then we say that « divides (, denoted by « | 8, if there exists
v € Z[i] such that 8 = a~; in other words, we have a factorization S = a~y. In this case, we say that
« is a divisor of (.

Furthermore, we say that a gaussian integer u € Zli] is a unit if u | 1. We also say that two gaussian
integers «, B € Z[i] are associates if &« = uf for some unit v € Z[i]. Finally, we say that a gaussian
integer m € Z[i] is a gaussian prime if 7 is not a unit and if any divisor of 7 is either a unit or an
associate of 7.

Recall that divisibility in Z is governed by the magnitude of the integers. In the case of gaussian
integers, this role is now played by essentially the modulus of the gaussian integer interpreted as a
complex number. We consider instead the square of this quantity. Accordingly, for every gaussian
integer @ = a + bi € Zl[i], where a,b € Z, we define the norm of a by N(a) = aa = a® + b?, where
a = a — bi denotes the complex conjugate of a.

THEOREM 2.1. Suppose that a, § € Z[i]. Then

(i) N(«) is a non-negative rational integer;
(i) N(af) = N(a)N(B);
(iii) N(«) =1 if and only if « is a unit;
(iv) « is a unit if and only if « = £1 or a = %i; and
(v) « is a gaussian prime if N(«) is a rational prime.

Proor. (i) and (ii) are trivial.

To prove (iii), suppose first of all that N(a) = 1. Then a@ = 1. Since @ is also a gaussian integer,
it follows that « | 1, so that « is a unit. Suppose now that « is a unit. Then « | 1. Hence there exists
a gaussian integer § such that a8 = 1. It follows from (ii) that N(«a)N(5) = N(af) = N(1) = 1,
and so N(«) | 1 in Z. Since N(«) is non-negative, it follows that N(a) = 1.
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It is easy to show that +1 or 4i are units. Suppose now that the gaussian integer a« = a + bi
is a unit. Then it follows from (iii) that a? + > = 1. The only solutions are (a,b) = (£1,0) and
(a,b) = (0,+1), giving rise to & = 1 or o = =i respectively, proving (iv).

To prove (v), suppose that § | . Then there exists a gaussian integer v such that « = v. It now
follows from (ii) that N(a) = N(B)N(y) in Z. Since N(«) is a rational prime and non-negative, we
must have N(8) =1 or N(v) = 1. It follows from (iii) that 8 or « is a unit. If  is a unit, then f is
an associate of a. (O

THEOREM 2.2. Suppose that o, € Z[i], and o # 0. Then there exist v,p € Z[i] such that
8 = ay+ p, where N(p) < N(«).

Proor. Clearly

— A+ Bi,

I

where A, B € Q. We now choose ¢, d € Z such that
|A—c| < % and |B—d| < %7

and write v = ¢+ di and p = § — ay. Clearly v, p € Z[i]. To show that N(p) < N(«), we now note

that

B_

a

lpl =18 —av] =B —alc+di)| = |af (c + di)

= [of[(A = 0) + (B = d)i| = [a]((A = ¢)” + (B —d)*)? < |a,
and the result follows on noting that N(p) = |p|? and N(a) = |af®2. O

THEOREM 2.3. Suppose that «, 5 € Z[i], and 7 € Z[i] is a gaussian prime. If 7| af, then 7 | a or

7| B.

PROOF. We may assume that 7 t «, for otherwise the conclusion of the theorem already holds. It
follows from Theorem 2.2 that there exist 7, p € Z[i] such that & = 7wy + p, where N(p) < N(w) and
p # 0, so that 0 < N(p) < N(m). Clearly the set

S =A{ag+mn: & n € Z[i}
is non-empty, and contains the element p = o — 7y with positive norm. It follows that there exists
an element in S with least positive norm. Suppose that this element is

(2.1) B = ago + mo,
where &, ng € Z[i]. Then
pB = afo + mnof,
so that 7 | uf. To show that 7 | 3, it remains to show that pu is a unit. Clearly
(2.2) N(4) < N(p) < N(r).

By Theorem 2.2, there exist 7,0 € Z[i] such that # = pu7 + o, where N(o) < N(u). Combining this
with (2.1), we have

oc=m—pur=a(=&T7)+7(l—n7) €S.

In view of the minimality of N(u), we must therefore have N(o) = 0 and so o = 0 and 7w = p7. Since
7 is prime, it follows that one of p or 7 must be a unit. If 7 is a unit, then N(7) = 1, and so it follows
from N(mw) = N(u)N(7) that N(7) = N(u), contradicting (2.2). It follows that p is a unit. O

Using Theorem 2.3 a finite number of times, we can easily deduce the following generalization.

THEOREM 2.4. Suppose that aq,...,ap € Z[i], and m € Z[i] is a gaussian prime. If w | a1 ... o,
then 7 | oj for some j =1,... k.

We can now establish a unique factorization theorem for gaussian integers.

THEOREM 2.5. Every « € Z[i], not zero or a unit, is representable as a product of gaussian primes,
uniquely up to units, associates and the order of factors.
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PRrROOF. To establish the existence of factorization, we use induction on the norm. Clearly all the
gaussian integers with norm 2 are gaussian primes, in view of Theorem 2.1(v). Suppose now that all
gaussian integers with norm less than n can be factorized into products of gaussian primes. Let «
be a guassian integer with N(a) = n. If « is a gaussian prime, then there is nothing more to prove.
If o is not a gaussian prime, then o = ajas, where neither gaussian integer oy nor «s is a unit.
Since N(«) = N(a1)N(ag), it follows that 1 < N(a;1) < n and 1 < N(ag) < n. By the induction
hypothesis, both a; and as can be factorized into products of gaussian primes. It follows that « can
be factorized into a product of gaussian primes.

To establish uniqueness of factorization, suppose that

X =T1...Tp =UK]...Ks,

where u is a unit, and my,..., 7, K1,...,Ks are gaussian primes. By Theorem 2.4, we must have
m | kj for some j =1,...,s. Assume, without loss of generality, that 71 | £1. Then

To...Mp = ULK2 ... Kg,

where up is a unit. Repeating this argument a finite number of times, we conclude that r = s, and
uniqueness of factorization follows. ()

At this point, we give a proof of Fermat’s theorem concerning sums of two squares, using ideas
from gaussian integers and gaussian primes. Recall that Fermat’s theorem states that if p = 1 mod 4
is a rational prime, then there exist a,b € Z such that p = a? + b2

PROOF OF FERMAT’S THEOREM. Our starting point, as in Fermat’s proof, is to observe that —1
is a quadratic residue modulo p, and so there exists 2 € Z such that 22 + 1 = 0 mod p. Next, note
that in view of Theorem 2.5, there exists a gaussian prime 7 which divides p. Then it follows from
Theorem 2.1(ii) that N () | N(p) = p?. Since N(r) is a rational integer different from 1, it follows
that we must have N(w) = p or N(m) = p?>. Suppose that N(m) = p?. Then it is easy to see that
p/7 is a gaussian integer satisfying N(p/7) = 1, in view of Theorem 2.1(ii). This implies that p and
7 are associates, so that p is a gaussian prime. Since p | (22 + 1) = (z +i)(z — i), it follows from
Theorem 2.3 that p | (z +1) or p | (x — i), neither of which is true, since

Y.
PP

It follows that we must have N(7) = p. Suppose now that 7 = a + bi, where a,b € Z. Then clearly
a2+ =p. O

We complete this section on gaussian integers by determining all the gaussian primes. The crucial
step in the argument is summarized in the following result.

THEOREM 2.6. Fvery gaussian prime divides exactly one positive rational prime.

PROOF. Let 7 be a gaussian prime. Since N () = 77, it follows that 7 | N(7). On the other hand,
we clearly have N(m) > 1. Since N(7) is a positive integer, we can write N(7) = p1...p,, where
P1,...,pr are rational primes. It follows from Theorem 2.4 that 7 | p; for some j =1,...,r, so that
7 divides at least one rational prime.

Suppose now that p and ¢ are distinct positive rational primes. Then (p,q) = 1, so there exist
rational integers w and v such that 1 = pu + gv. It follows that if 7 divides both p and ¢, then 7
must also divide 1, clearly impossible. Hence 7 divides at most one positive rational prime. ()

THEOREM 2.7. The set of all gaussian primes consists of the following and their associates:

(i) the number 1 +1i;
(ii) the numbers a + bi, where a,b € N and a® + b*> = p = 1 mod 4 is a rational prime; and
(iii) the rational primes ¢ = 3 mod 4.

PRrROOF. In view of Theorem 2.6, it is sufficient to factorize the positive rational primes into products
of gaussian primes. We distinguish three cases:

(i) The rational prime 2 = (1 +1)(1 —i) = —i(1+1i)2. The number i is a unit and so not a gaussian
prime. On the other hand, N(1 + i) = 2 is a rational prime, so it follows from Theorem 2.1(v) that
141 is a gaussian prime.
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(ii) Let p = 1 mod 4 be a positive rational prime. By Fermat’s theorem, there exist positive integers
a and b such that a + v = p. It follows that
p = (a+bi)(a—bi) = —i(a+ bi)(b+ ai).

Both numbers a + bi and b + ai are gaussian primes, since their norm is the rational prime p.

(iii) Let ¢ = 3 mod 4 be a positive rational prime. Suppose that 7 = a + bi is a gaussian prime
and 7 | g. Clearly N(m) > 1. Since N(r) | N(q) = ¢?, it follows that N(7) = q or N(m) = ¢. But
N(r) # q, for otherwise a® + b*> = ¢ = 3 mod 4, an impossibility. Hence N(7) = ¢?. This implies
that 7 and ¢ are associates, so that ¢ is a gaussian prime. ()

2.2. Field Extensions

In this section, we give briefly the algebraic background of field extensions. Here we make no
restrictions on the fields involved.

Suppose that K and L are fields such that K C L. Then we say that the field L is an extension of
the field K, denoted by L : K. The field L has a natural structure as a vector space over K, where
vector addition is addition in L and scalar multiplication of A € K and v € L is simply Av € L. The
dimension of this vector space is called the degree of the extension L : K, or the degree of L over K,
and denoted by [L : K].

THEOREM 2.8. Suppose that H, K and L are fields satisfying H C K C L. Then
(2.3) [L:H)=[L:K||K : H|,
provided that the terms on the right hand side of (2.3) are finite.
We say that the field extension L : K is finite, or L is a finite extension of K, if [L : K] is finite.

PROOF OF THEOREM 2.8. Let {v; : i € I'} be a basis of L over K, and let {w; : j € J} be a basis
of K over H. To establish (2.3), it suffices to show that the set

(24) {’UZ’ijGI, ]EJ}
is a basis of L over H. For every a € L, we can write
@ = Z ﬁivia

i€l

where §; € K for every i € I. For every i € I, we can write
Bi = Z VYijwy,

jeJ

where v;; € H for every j € J. We therefore have
il jeJ

Hence the set (2.4) spans L as a vector space over H. It remains to show that the elements in (2.4)
are linearly independent over H. Suppose that

Z Z 5ijviwj = O,

icl jeJ
where §;; € H for every i € I and j € J. Then

Z Z(Sijwj V; = 0.

iel \jeJ

Z 5ijwj eK

JjeJ

Since

for every i € I and the elements in {v; : i € I'} are linearly independent over K, it follows that

Z 5¢jwj =0

jeJ
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for every 7 € I. Since ¢;; € H for every i € I and j € J and the elements in {w; : j € J} are linearly
independent over H, it follows that d;; = 0 for every i € I and j € J. O

Suppose that L : K be a finite field extension. We say that an element o € L is algebraic over K
if there exists a polynomial ¢(t) € K[t], not identically zero and such that ¢(o) = 0. In other words,
«a € L is algebraic over K if it is the root of a polynomial with coefficients in K.

It is easy to see that if @ € L is the root of a polynomial with coefficients in K, then it is also the
root of many other polynomials with coefficients in K. Our next result shows that among all such
polynomials, there must be a “smallest” one.

THEOREM 2.9. Suppose that « is algebraic over a field K. Then there exists a unique monic
polynomial p(t) € KJt] of smallest degree such that p(a)) = 0. Furthermore, this polynomial p(t) is
irreducible in K|[t].

REMARKS. (i) In Theorem 2.9, we have implicitly assumed that « belongs to a field L where L is
an extension of K.

(ii) A monic polynomial in K[t] is a polynomial of the type ¢(t) = ¢,t" + ...+ qo, where g, = 1,
the multiplicative identity in K. In other words, the leading coefficient of a monic polynomial g(t)
must be equal to 1.

(iii) The polynomial p(t) in Theorem 2.9 is sometimes called the minimum polynomial of « over K.

PROOF OF THEOREM 2.9. Suppose that ¢(t) € K[t] such that ¢(o) = 0. Since K is a field, we
can divide all the coefficients of ¢(t) by the leading coefficient and obtain a monic polynomial in Kt]
with a as a root. Let S denote the set of all monic polynomials in K[t] with « as a root. Then S is
non-empty. Among the polynomials in .S, there must be one of smallest degree, p(t) say.

To show that p(t) is unique, suppose on the contrary that the polynomial r(¢) € S is of the same
degree as p(t). Let s(t) = p(t) — r(¢). Since p(t),r(t) € S, we must have p(a) = r(a) = 0, and so
s(a) = 0. On the other hand, both p(¢) and r(¢) are monic and of the same degree, and so s(t) is of
smaller degree than p(t). We can now divide all the coefficients of s(t) by its leading coefficient to
obtain a monic polynomial in K[t], of smaller degree than p(¢) and with « as a root. This contradicts
the minimality of the degree of p(t).

To show that p(t) is irreducible, suppose that

p(t) = p1(t)p2(t),

where p1(t),p2(t) € K[t]. Since p(a) = p1(a)p2(a) = 0, we may assume without loss of generality
that p;(a) = 0. Multiplying the coefficients of p;(t) and p2(t) by elements of K if necessary, we may
further assume that both p;(t) and ps(t) are monic. Clearly, the degree of pi(t) cannot exceed the
degree of p(t). On the other hand, in view of the minimality of the degree of p(t), the degree of p; (¢)
cannot be smaller than the degree of p(t). It follows that p;(¢) and p(t) must have the same degree,
and must therefore be equal in view of the uniqueness of p(t). Hence p2(t) = 1 always, so that p(t)
is irreducible in K[t]. O

Suppose that L : K is a field extension. If a € L, we can adjoin the element « to the field K and
extend addition and multiplication in K to include «, in the same way as we adjoin the number i to
the field Q in the last section. The collection of elements of K, together with o and their sums and
products, now form a field K(«). Since a € L, it is clear that K C K(a) C L. On the other hand, if
a ¢ K, then K(a) # K. Indeed, we can think of K(«a) as the smallest subfield of L which contains
« and all the elements of K.

Recall the example of Q(i). Since i is a root of the monic polynomial t? + 1 € Q[t], it is algebraic
over Q. On the other hand, it is easy to see that Q(i) can be interpreted as a vector space over Q,
with basis {1,i}, say. More to the point, we have [Q(i) : Q] = 2, so that the field extension Q(i) : Q
is finite.

Generalizing this observation, we prove the following result.

THEOREM 2.10. Suppose that L : K is a field extension. Then an element o« € L is algebraic over
K if and only if K(&) is a finite extension of K.

PROOF. Suppose that K(«) is a finite extension of K. Let n = [K(«) : K]. Then the elements
1,a,...,a™ are linearly dependent over K, so it follows that there exist ag, a1, ...,a, € K such that
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ap + a1 + ... + ap,a™ = 0. Clearly the polynomial ¢(t) = ant™ + ... + a9 € K|[t] and ¢(a) = 0, so
that « is algebraic over K.
Suppose now that « is algebraic over K. Let

p(t) =t" + pp_1t" "+ ...+ po,

where pg,...,pn—1 € K, be the minimum polynomial of « over K. To show that K(«a) is a fi-
nite extension of K, it suffices to show that K(«) is the vector space over K spanned by the set
{1,,...,a" '}, Since any element of K(«) is of the form by + by + ... + ba™ for some non-
negative integer m and coeflicients by, ..., b,, € K, it suffices to show that for every non-negative
integer m, the term o™ can be expressed as a linear combination of the elements of {1, q,...,a" "'}
with coefficients in K. We prove this by induction on m. The statement is trivial if m < n. On the
other hand, we have

n n—1
Q" = —pp —pP1& — ...~ Pp1Q )

so that the term a™ can be expressed as a linear combination of the elements of {1, q,...,a" "'} with
coefficients in K. Suppose now that m > n and for every k < m, the term o* can be expressed as a
linear combination of the elements of {1, q,...,a" '} with coefficients in K. Note that

m m—n m—n+1 _

a™ = —poa - pra m=1

oo T Pn—1

By the induction hypothesis, every term on the right hand side of this expression can be expressed as
a linear combination of the elements of {1,q,...,a" !} with coefficients in K. This must therefore
also be the case for ™. (O

2.3. Algebraic Numbers

A number « € C is said to be an algebraic number if it is algebraic over Q; in other words, if «
satisfies a non-zero polynomial equation with coefficients in Q. We denote by A the set of all algebraic
numbers.

THEOREM 2.11. The set A forms a subfield of C.

PRrROOF. We need to show that if a, 3 € C are algebraic numbers, then so are o + 3, @ — 8 and
af, as well as o/ if B # 0. These are all elements of Q(«, 3), the field obtained by adjoining the
numbers « and 3 to the field Q.

We first show that Q(«, ) is a finite extension of Q. To see this, note that Q C Q(«) C Q(«, 8),
and so it follows from Theorem 2.8 that

[Q(e, B) - Q] = [Qe, B) : Q()][Q(ev) : Q,

provided that the terms on the right hand side are finite. Since « is algebraic over Q, it follows
from Theorem 2.10 that [Q(«) : Q] is finite. Since (3 is algebraic over‘Q, there exists a polynomial
q(t) € Q[t], not identically zero and such that ¢(3) = 0. Clearly ¢(¢) € (Q(«))[t], and so 3 is algebraic
over Q(a). Also Q(o, 8) = (Q())(5). It follows from Theorem 2.10 that [Q(«, ) : Q(«a)] is also
finite.

To complete the proof, it suffices to show that for every v € Q(a, ), the field Q(v) is a finite
extension of Q, in view of Theorem 2.10. But this is an immediate consequence of the simple

observation that Q C Q(v) C Q(«, 8). O

Our purpose here is not to study the set A. Instead, we are interested in finite extensions of Q.
More precisely, we say that a subfield K of C is an algebraic number field if K is a finite extension
of Q. The number [K : Q] is called the degree of K.

Suppose that K is an algebraic number field. It is a simple exercise to show that all the elements
of K are algebraic numbers, so that K C A. On the other hand, K is a finite dimensional vector
space over Q. If {ay,...,a,} is a basis of K over Q, then it is easy to see that K = Q(ay, ..., ),
the field obtained by adjoining the numbers a1, ..., a, to Q.

In fact, an algebraic number field has a far simpler description. As a first step, we consider the
following reduction argument.

THEOREM 2.12. Suppose that K = H(«, 3), where H is an algebraic number field and o, 5 € A.
Then there exists an algebraic number v € K such that K = H ().
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PROOF. Observe first of all that o and § are algebraic over H, since QQ C H clearly implies
Q[t] € HJt]. Let p(t),q(t) € H[t] denote respectively the minimum polynomials of & and 8 over H,
with roots

o o™ and gm, . pm

PR

in C. Here we use the convention that o = a™ and g = (). We also assume that m > 2, for
otherwise § € H and the proof is complete.

By Theorem 2.9, the polynomials p(¢) and ¢(t) are irreducible in H[¢t]. It follows from Theorem 1.4
that the roots o), ... a(™ are distinct and the roots 3V, ..., 30" are distinct. Hence for every
t=1,...,nand j =2,...,m, the equation

0@ 4 280) = o) 4 530

has at most one solution in H. Also, there are only finitely many such equations. We can therefore
choose a number ¢ € H such that

a® 4+ ¢80 £ oM 4 M

for every i = 1,...,nand j = 2,...,m. Now let v = o + ¢. We next show that H(y) = H(«, ().
It is clear that H(y) C H(«, 8). To show that H(«, 3) C H(7), it suffices to show that «, 8 € H(7).
Indeed, since a = 7 — ¢f3, it suffices to show that § € H(v).

Note first of all that p(y—c¢fB) = 0. It follows that the number 3 satisfies the equations p(y—ct) =0
and ¢(t) = 0. On the other hand, it is easy to show that the polynomials p(y — c¢t) and ¢(¢) have
only the root 8 = B in common. Let r(t) € (H(v))[t] be the minimum polynomial of 3 over
H(7). Then it is not difficult to show that r(¢t) | p(y — ¢t) and r(t) | ¢(¢) in (H(7))[t]. But then the
polynomial 7(¢) cannot be of higher degree than 1, for otherwise the polynomials p(y — c¢t) and ¢(¢)
would have more than one root in common. Hence r(t) =t 4 p for some p € H(7). It is easy to see
that 8 = —p € H(v) as required. O

Suppose now that K is an algebraic umber field. Starting with the description K = Q(ay, . .., ay),
where {a1,...,a,} is a basis of K as a vector space over Q, and applying Theorem 2.12 a finite
number of times, we obtain the following far simpler description of K.

THEOREM 2.13. Suppose that K is an algebraic number field. Then there exists an algebraic number
0 € K such that K = Q(0).

Suppose that K = Q(0) is an algebraic number field. We complete this section by establishing
a relationship between the degree of K and the degree of the minimum polynomial of the algebraic
number 6.

THEOREM 2.14. Suppose that K = Q(0) is an algebraic number field. Then degp(t) = [K : Q],
where p(t) € Q[t] is the minimum polynomial of 6 over Q.

PRrOOF. We elaborate on our proof of Theorem 2.10. Let
m=degp(t) and n=[K:Q].

Then the elements 1,6,...,0™ are linearly dependent over Q. An argument similar to the first part
of the proof of Theorem 2.10 will give m < n. On the other hand, as in the second part of the proof
of Theorem 2.10, K is spanned by the set {1,6,...,0™ !} as a vector space over Q. Hence m > n.

O
REMARK. In fact, we have also shown that the set {1,0,...,0""1} where n = [K : Q], is a basis
of the algebraic number field K = Q(#) as a vector space over Q.
2.4. Conjugates

Suppose that K = Q(0) is an algebraic number field of degree n, and p(t) € Q[t] is the minimum
polynomial of 8 over Q, with distinct roots

(2.5) S NN

in C. The complex numbers (2.5) are called the conjugates of 6, with the convention that § = (1),
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Suppose next that o € K = Q(f). Since the set {1,0,...,0" !} forms a basis of K as a vector
space over Q, there exists a unique polynomial r(t) € Q[¢] with degr(¢) < n such that o = r(#). The

elements o = r(#("), where i = 1,...,n, are called the K-conjugates of a, and the polynomial
fa®) =TT (t =) =TT (¢ - r(e)
i=1 i=1

is called the field polynomial of o over K.

THEOREM 2.15. Suppose that a € K = Q(0), where [K : Q] = n. Then
(i) the field polynomial f.(t) € Q[t], and is a power of the minimum polynomial p,(t) € Q[t] of
a over Q;
(ii) the K-conjugates of « are the roots of ps(t) in C, each repeated n/m times, and where
m = degp,(t) is a divisor of n;
(iii) the element a € Q if and only if all its K-conjugates are identical; and
(iv) Q(a) = Q(0) if and only if all the K -conjugates of o are distinct.

PRrOOF. (i) It is easy to see that the coefficients of f,(t) are symmetric polynomials of the form

h(9(1), .. .,0(”)). By Theorem 1.8, these symmetric polynomials can be expressed as polynomials
where the variables are the elementary symmetric polynomials
(2.6) s1(0M 00, s, (0 00

and the coefficients are in Q. Note that each of the terms in (2.6) is a coefficient of the minimum
polynomial p(t) of 6§ over Q, and is therefore an element of Q. It follows that f,(t) € Q[¢]. On the
other hand, it is easy to check that f, () =0, and so p,(t) | fo(t) in Q[t]. We can therefore write

fa(t) = p&,(t)A(),

where p,(t) and h(t) are coprime in Q[t]. To complete the proof, it suffices to prove that h(t) is
identically equal to 1. Clearly h(t) is monic, so it suffices to prove that h(t) is constant. Suppose
on the contrary that h(t) is non-constant. Then at least one of the roots r(0()) of f,(t) must also
be a root of h(t), and so the polynomial h(r(t)) vanishes when t = ) for some i = 1,...,n. If
p(t) € Q[t] is the minimum polynomial of # over Q, then it is also the minimum polynomial of 6(*)
over Q, and so p(t) | h(r(t)) in Q[t]. It follows that h(r(t)) vanishes at () for every i = 1,...,n, so
that in particular, we have h(r(6)) = h(«) = 0. This implies that po(t) | h(t) in Q[t], contradicting
our assumption that p,(¢t) and h(t) are coprime in Q[t].

(ii) is an immediate consequence of (i).

(iii) If all the K-conjugates of « are the same, then f,(t) = (t — a)™, so that p,(t) = t — a, whence
a € Q. Conversely, if @ € Q, then p,(t) =t —«, so that f,(t) = (t—a)™, whence all the K-conjugates
of a are the same.

(iv) Since a € Q(), we must have Q C Q(«) C Q(#). By Theorem 2.8, we have

[Q(6) - Q] = [Q(0) : A)][Q(ev) : Q.

In view of Theorem 2.14, we have Q(a) = Q(0) if and only if m = n, if and only if p,(t) = fa(t), if
and only if all the K-conjugates of « are distinct. ()

REMARKS. (i) Note that an important consequence of Theorem 2.15 is the fact that the values of
the K-conjugates o), ..., (™ are independent of the choice of # such that K = Q(0), provided that
ac K.

(ii) Suppose that € is the real cube root of 5. Then K = Q(6) is a subfield of R. The conjugates
of 0 are 6, wh and w20, where w is a non-real cube root of 1. Clearly wf and w?# are not elements
of K. Hence the conjugates of 6 need not be in K. Similarly, if & € K, then the K-conjugates of «
need not be in K.

2.5. Algebraic Integers

We have already seen two examples of “integers” within an algebraic number field, the rational
integers within Q and the gaussian integers within Q(i). Our task in this section is to give a reasonable
definition of “integers” within an algebraic number field.
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REMARK. Suppose that K = Q(0) is an algebraic number field. It seems reasonable that the set
of integers within this algebraic number field should satisfy the following four conditions:

(i) The integers in K form a ring. In other words, if a and [ are integers in K, then so are a + (3,
a— (3 and af.

(i) If « € Q is an integer in K, then o € Z. In other words, no rational number apart from the
rational integers can be integers in K.

(iii) If « € K is an integer in K, then its K-conjugates should also be integers, though they do not
necessarily belong to K.

(iv) For every v € K, there exists m € N such that m~y is an integer in K.

The following definition turns out to satisfy all these four requirements. A number o € C is said
to be an algebraic integer if there exists a monic polynomial ¢(t) € Z[t] such that ¢(a)) = 0; in other
words, if « is a root of a monic polynomial with rational integer coefficients.

Clearly condition (iii) is automatically satisfied. It is also not difficult to show that condition (iv)
is satisfied. On the other hand, condition (ii) will follow from the result below.

THEOREM 2.16. A number o € C is an algebraic integer if and only if its minimum polynomial
over Q has coefficients in Z.

PROOF. Let p(t) € Q[¢] be the minimum polynomial of o over Q. If p(t) € Z[¢], then « is an
algebraic integer. Conversely, if « is an algebraic integer, then there exists a monic polynomial
q(t) € Z[t] such that g(«) = 0. On the other hand, we know that p(t) | ¢(¢) in Q[¢]. Tt follows from
Gauss’s lemma that there exists a non-zero A € Q such that Ap(t) € Z[t] and Ap(t) | ¢(¢) in Z[t].
Since both p(t) and ¢(t) are monic, we must have A=1. O

THEOREM 2.17. Suppose that K = Q(0) is an algebraic number field. Then the algebraic integers
in K form a ring.

PROOF. It is sufficient to show that if o and § are integers, then so are o + 3, a — 0 and af. Let
aM o a™ and M, ..., 80

denote respectively the conjugates of o and [, with the convention that o = a(®) and g = ().
Suppose that p(t) € Q[t] is the minimum polynomial of « over Q.

To show that a + 3 is an algebraic integer, consider the polynomial

g(t) = [ p(t — 8Y).
j=1

By Theorem 2.16, we have p(t) € Z[t]. Hence the coefficients of g(t) are symmetric polynomials in
M., B with coefficients in Z. Tt follows from Theorem 1.8 that g(t) € Z[t]. On the other hand,
since p(t) is monic, it follows that g(¢) is also monic. It is easy to check that g(a + 8) = 0, and so
a + (3 is an algebraic integer.

The case for oo — (3 is almost similar.

To show that a3 is an algebraic integer, consider the polynomial

- Gymy, [ ——
)= T10s (565 )-
J=1
Similar arguments as above show that h(¢) € Z[t]. Note also that h(t) is monic and h(af) = 0. It

follows that a3 is an algebraic integer. (O

To complete this section, we now apply similar techniques to show that algebraic integers can be
characterized in terms of other algebraic integers.

THEOREM 2.18. Suppose that o € C is a root of a monic polynomial equation whose coefficients
are algebraic integers. Then o is an algebraic integer.

PROOF. Suppose that a € C is a root of the polynomial

q(t) =t" + yp1t" "+ .. 470,
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where g, ..., 7n—1 are algebraic numbers. For every j = 0,...,n — 1, denote the conjugates of -y; by
(1) (my) d sider th ; 1 ial
Y , and consider the monic polynomia
mo Mp—1 ) )
so=T]- II (t" FAlnnt g +7(§“’)) :
io=1  ip_1=1

Multiplying out, it is not difficult to see that each coefficient in g(¢) is a sum of numbers of the form

DRI DR SUCIRIEIND DD | D3R

Jit.Fis=k i s Jit.tjs=kp=1 \ ij,

The usual arguments on symmetric polynomials give

(i3,)
don €Q,
ijl»L
in view of Theorem 1.8. Hence all the coefficients in the polynomial g(¢) are in Q. These coefficients

are also algebraic integers, in view of requirement (iii) and Theorem 2.17. It now follows from
requirement (ii) that g(t) € Z[t]. Finally, note that ¢(t) is a factor of g(t), so we must have g(a) = 0.

O

2.6. Discriminants and Integral Bases

In this section, we establish a simple way of describing the ring of integers within an algebraic
number field. To achieve this, we first introduce the notion of the discriminant of a basis of an
algebraic number field.

Suppose that K = Q(0) is an algebraic number field of degree n, and {aq,...,a,} is a basis of K
(1)

as a vector space over Q. For every j =1,...,n, welet o7, ... 7%(@) denote the K-conjugates of o,
and define the discriminant of the basis {a1, ..., a,} to be the quantity
2
ORI
Alag,...,ap] = : :
OB

It is easy to see that the discriminant is well defined in the sense that its value does not depend on
the ordering of either the set {a1,...,a,} or the K-conjugates, provided that the K-conjugates are
dictated by the same ordering of the conjugates 81 ... 8™ of 6.

THEOREM 2.19. Suppose that K = Q(60) is an algebraic number field of degree n. Suppose further
that {ay,...,a,} and {B1,...,Bn} are bases of K as a vector space over Q. If for every k =1,...,n,
we have

(2.7) Ok = chkaj,
j=1
where cji, € Q for every j,k=1,...,n, then
€11 ... Cin 2
AlBr, .., Bl =1 Alar, ..., ap).
Cnl -+ Cnn

PRrROOF. The result will follow on taking determinants and squaring if we can show that

CICS oD AN en e
%n) e B%”) agn) R a%n) Cn1 Cnn
In other words, we need to show that for every i,k =1,...,n, we have

(2.8) B = enal.
j=1
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Recall that for every j = 1,...,n, there exists a unique polynomial 7;(t) € Q[t] with degr;(t) < n
such that o; = r;(). Similarly, for every k = 1,...,n, there exists a unique polynomial s;(t) € Q[t]
with degsi(t) < n such that S = si(0). It then follows from (2.7) that for every k = 1,...,n, we
must have

si(t) = Z cjkri(t).

The identity (2.8) now follows on letting t = (). (O

Let us now calculate the discriminant of the basis {1,6,...,0""!} of an algebraic number field
K = Q(0), where [K : Q] = n. Using the fact that (§°)%) = (04)) for every i = 0,...,n — 1 and
7 =1,...,n, we have

1 oom (W2 . (gt
A[LG,...,0" = : :
1o ()2 | (g1
= H (0 — gl))2,
1<i<j<n

Here the discriminant is the square of a Vandermonde determinant. Note that since the conjugates of 6
are distinct, we must have A[1,6,...,0" 1] # 0. On the other hand, it is clear that A[1,0,...,0" 1] is
symmetric with respect to the conjugates of 6. It follows from Theorem 1.8 that A[1,0,...,0" '] € Q.
Also A[1,6,...,0"1] > 0 if all the conjugates of # are real. We have therefore proved the following
result.

THEOREM 2.20. Suppose that K = Q(0) is an algebraic number field. Then the discriminant of
any basis of K is rational and non-zero. Furthermore, if all the conjugates of 0 are real, then the
discriminant of any basis of K is positive.

Suppose that K = Q(6) is an algebraic number field of degree n. Recall that K has a basis of n
elements as a vector space over Q. For example, the set {1,6,...,0" !} is such a basis.

The ring O of algebraic integers in K is an abelian group under addition. We say that a set
{a1,...,as} C O is an integral basis, or Z-basis, of the ring O if every element a € O is uniquely
representable in the form

a=ba;+...+ bsay,

where by,...,bs € Z.

Our aim here is to show that an integral basis for O exists and contains exactly n elements. The
first step in this direction is given by the following result on the discriminant of bases of the algebraic
number field K which consist entirely of algebraic integers.

THEOREM 2.21. Suppose that K = Q(60) is an algebraic number field of degree n. Suppose further
that {aa,...,an} C O is a basis of K as a vector space over Q. Then Alay,...,a,] € Z\ {0}.

PROOF. On the one hand, we have Aas,...,a,] € Q\ {0}, in view of Theorem 2.20. On the
other hand, a1,...,a, and all their K-conjugates are algebraic integers, in view of condition (iii)
concerning algebraic integers. It follows from Theorem 2.17 that Alay, ..., «,] is an algebraic integer.
The result now follows from condition (ii) concerning algebraic integers. O

Theorem 2.21 enables us to use the Principle of induction to establish the existence of integral
bases.

THEOREM 2.22. Suppose that K = Q(0) is an algebraic number field of degree n. Then the ring O
of algebraic integers in K has an integral basis of n elements.

PROOF. In view of condition (iv) concerning algebraic integers, we assume without loss of generality
that 6 is an algebraic integer. Let S denote the set of all bases of K which consist entirely of algebraic
integers. Then {1,0,...,0" '} € S, so that S is non-empty. As a consequence of Theorem 2.21, we
conclude that there exists a basis {wy,...,wy} € S such that |Afwy,...,wy]| is minimal. We prove
that {wy,...,w,} is an integral basis of O.
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Suppose on the contrary that {w1,...,w,} is not an integral basis of 9. Then there exists o € O
which is not representable as a linear combination of the elements of {w1,...,w,} with coeflicients
in Z. On the other hand, since a € K and {wy, . ..,wy } is a basis of K, we have a unique representation

a=bjwi+ ...+ bywy,,

where bq,...,b, € Q. Then at least one of the coefficients b1, ..., b, does not belong to Z. We may
assume without loss of generality that by ¢ Z. Then by = b+, where b € Z and 0 < r < 1. Consider

now the basis {v1,ws,...,wn} € S, where 11 = o — bw; € 9. The change of basis matrix from the
basis {w1,...,w,} to the basis {v1,ws,...,w,} is given by the upper triangular matrix
by —b by b3 by ... by
1 0 0 ... O
1 0 0
1 .
0
1
with determinant r. It follows from Theorem 2.19 that
Alvi,wa, ... wn] = r?Alwr, ..., wy),
contradicting the minimality of |Afwy,...,wy]l. O

2.7. Quadratic Number Fields

A quadratic number field is an algebraic number field K of degree 2. Then K = Q(#), where 0 is
a root of a quadratic polynomial irreducible over Q. In view of condition (iv) concerning algebraic
integers, we may assume that 6 is an algebraic integer. Suppose that 6 is a root of the polynomial
t? 4+ bt + ¢, where b,c € Z. Then

bV —dc
=—

If we write b? —4c = s2d, where s,d € Z and d is squarefree, then it is easy to see that Q(0) = Q(v/d).
We have therefore established the following result.

0

THEOREM 2.23. Every quadratic number field is of the form Q(v/d), where d € 7 is squarefree.

Consider a quadratic number field Q(v/d), where d € Z is squarefree. Our next task is to determine
all the algebraic integers in Q(v/d).
It is easy to see that every number in Q(\/E) is of the form

4+ mvd
n )
where ¢,m,n € Z and n # 0. We may further assume that ¢, m,n are relatively prime and n € N.
The number (2.9) is an algebraic integer if and only if it satisfies a quadratic equation of the form
t2 + bt + c = 0, where b, ¢ € Z; in other words, if

(0 +mVd)? + bn(f + mVd) + en® = 0.
This last equation is satisfied if and only if
(2.10) ZrmPd+bnl+cen?=0 and m(20+ bn) = 0.

The case m = 0 is trivial, for then (2.9) is an integer if and only if n | £. We may therefore assume
that m # 0, so that

(2.11) —20 = bn.
Substituting this into the first equation in (2.10), we obtain
m2d —0? + en? = 0.

Let g = (/,n). Then g? | m2d. Since d is squarefree, it follows that g | m. Since £, m,n are relatively
prime, we must have g = 1, so that (¢,n) = 1. It follows from (2.11) that n | 2, so that n = 1 or
n=2.

(2.9)
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Suppose that n = 1. Then the equations in (2.10) are satisfied with b = —2¢ and ¢ = £2 — m?2d. It
remains to investigate the case when n = 2. Note that the number

14 d
(2.12) ﬂ
2
satisfies the quadratic equation
0?2 —m?2d
12— 0+ Tm =0,

and is therefore an algebraic integer if and only if (¢2 — m?2d)/4 € 7Z; in other words, if and only if
¢ = m?d mod 4. The condition (¢,n) = 1 implies that ¢ must be odd, so that /> = 1 mod 4. It
follows that the number (2.12) is an algebraic integer if and only if £ is odd and m?d = 1 mod 4. This
last congruence holds if and only if m is odd and d = 1 mod 4.

We have therefore proved the following result.

THEOREM 2.24. Suppose that d € Z is squarefree, and O is the ring of integers in the quadratic
number field Q(v/d).
(i) If d # 1 mod 4, then {1,V/d} is an integral basis of O.
(ii) If d = 1mod 4, then {1,% + 1V/d} is an integral basis of O.

REMARKS. (i) Note that in Q(i), the ring of integers is precisely the collection of all gaussian
integers.
(ii) Tt is easy to see that the quadratic fields Q(v/d), where d € Z, are pairwise distinct.

2.8. Cyclotomic Number Fields
The starting point for cyclotomic number fields is the irreducibility of the cyclotomic polynomial
(2.13) fA) =t VP2t
in Q[t] for any positive rational prime p. To see this, note that
fE+1) =" 4 p(tP 2 +...) +p,

and the irreducibility now follows immediately from Eisenstein’s criterion.

For any positive rational prime p, the p-th cyclotomic number field is the algebraic number field
Q(¢), where ¢ = e*™/P is a primitive p-th root of unity. Clearly the polynomial (2.13) is the minimum
polynomial of ¢ over @, so that Q(¢) is an algebraic number field of degree p—1. Also, the case p = 2

is trivial, since ¢ = —1 in this case, and Q(—1) = Q. We therefore assume that p is an odd positive
rational prime.
An obvious choice for a basis of Q({) as a vector space over Q is given by the set {1,(,..., (P72},

Our aim in this section is to prove the following stronger result.

THEOREM 2.25. Suppose that p is an odd positive rational prime, ¢ = e*™/? and O is the ring of
integers in the cyclotomic number field Q(¢). Then the set {1,(,...,(P~2} is an integral basis of O.

We begin by investigating the discriminant of our chosen basis.
THEOREM 2.26. Under the hypotheses of Theorem 2.25, we have
AL G, (77 = (-1,

PROOF. As in the discussion before Theorem 2.20, we have

A[lvca"'7<p72] = H (Cl _Cj)Q'

1<i<j<p—1

Clearly (,...,¢P~! are the roots of the minimum polynomial (2.13), and
(2.14) Pl oy +t+1—pﬁ(t &)
. e e = .

Jj=1
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Differentiating formally with respect to ¢, letting ¢t = ¢* and noting that ¢(? = 1, we obtain

2.1 pr A
(2.15) aEperoill § (GRS
j=1
i
Substituting ¢ = 0 and ¢ = 1 into (2.14), we obtain respectively
p—1 p—1 p—1
(2.16) [[ei=T[¢=1 and [[(1-¢)=p.
i=1 j=1 i=1
so that
piri S
Combining this with (2.15), we obtain
p—1lp—1 p—1p—1 p—1lp—1
=111 == TTTI< =) | [ TTTT —¢)
i=1j=1 i=1 j=1 i=1j=1
Jj#i i<j i>j
= (e T (=@ = (i) [T (-
1<i<j<p—1 1<i<j<p—1

The result now follows on multiplying both sides by (71)%(”’1). O
We next appeal to the number A =1 — (.

THEOREM 2.27. Under the hypotheses of Theorem 2.25, and with A\ = 1—, the set {1, \, ..., \P72}
is a basis of Q(¢). Furthermore, we have

AL, ..., NP2 = AL C ..., P2
PRrROOF. Note that for every j =0,...,p — 2, we have
N=(1-¢) =1-jC+...+(-1)¢.
It follows that the vector (1,),...,A\?~2) is obtained from the vector (1,¢,...,¢?~2) by multiplica-
tion by a triangular matrix with diagonal entries £1. The determinant of this triangular matrix is

equal to +1. The first assertion follows immediately, and the second assertion follows in view of
Theorem 2.19. O

Our aim here is to show that the set {1, \,..., \P~2} is an integral basis of O, the ring of integers
of Q(¢). To do so, we need the following intermediate result.

THEOREM 2.28. Under the hypotheses of Theorem 2.25, and with A = 1 — (, every element of O
can be expressed in the form
ap+aA+ ... +ap,2/\p_2
p* ’
where ag, .. .,ap—2 € Z and k € Z is non-negative.

(2.17)

PROOF. Let {w1,...,wp—1} be an integral basis of O. For every j = 0,...,p— 2, the number M is
an algebraic integer. It follows that

p—1
(2.18) N o= "cijwi,

i=1
where ¢;; € Z for every i = 1,...,p—1and j =0,...,p — 2. Let d denote the determinant of the
matrix (c;;). Then it follows from Theorems 2.19, 2.26 and 2.27 that

()2 Dpr=2 — PALwy, ... wpo].

On the other hand, Afwy,...,wp—1] € Z\ {0} by Theorem 2.21. It follows that d = +p”* for some
non-negative integer k. Solving the system of equations (2.18) by Cramer’s rule, we see that each of
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w1, ...,wp—1 can be expressed in the form (2.17). The result now follows, since {w1,...,wp—1} is an
integral basis of ©. O

THEOREM 2.29. Under the hypotheses of Theorem 2.25, and with A\ = 1—, the set {1, \,..., \P72}
s an integral basis of O.

PROOF. Suppose that the set {1, ),..., \’"2} is not an integral basis of 9. Then there exists an
algebraic integer of the form (2.17) where k is positive and p does not divide all the rational integers

agp, . ..,ap—2. It follows that there exists an algebraic integer of the form
ag+a A+ ...+ ap,g)\p*2
p b
where p does not divide all the rational integers ag, ..., ap—2. Let m satisfy p{ a,,, and p | a; for every

1=0,...,m—1. Then
amA™ + .+ ap_g)\p_Q
p
is an algebraic integer. By (2.16) and noting that m < p — 2, we have

p=1-¢...1 = H =010 —-P u=IN"1y= "y,
where u and v are algebraic integers. It follows that

amA™ + ...+ ap_g)\pfz
Am—i—l

is an algebraic integer, and therefore so is a/\, where a = a,,.
We now show that if ¢ € Z and p t a, then a/X cannot be an algebraic integer. Let t = a/A. Then
a\P
1=¢P = (1 - f) :
¢ t
so that t? — (t — a)? = 0. It follows that a/) is a root of the polynomial

g(t) =pt" " +p(...) +a"
Since p 1 a, it follows from Eisenstein’s criterion that the polynomial tP~1g(1/t) is irreducible over Q,

and so g(t) is irreducible over Q. Since the monic polynomial p~tg(t) ¢ Z[t], it follows that a/\ is
not an algebraic integer. ()

PROOF OF THEOREM 2.25. By Theorem 2.29, the set {1, A, ..., A2} forms an integral basis of O.
If we recall the proof of Theorem 2.22, then we see that the quantity

|A[L A, ..., P72

is minimal among all bases of Q({) consisting only of algebraic integers. It follows from Theorem 2.27
that the quantity

|A[LC, ..., P72
is also minimal among all bases of Q({) consisting only of algebraic integers. Hence {1,(,...,(P2}
is an integral basis of O. O

2.9. Factorization

Suppose that K = Q(6) is an algebraic number field, and O is the ring of algebraic integers in K.

Suppose that a, 8 € O and « # 0. Then we say that « divides 3, denoted by « | 8, if there exists
~v € O such that 8 = a~; in other words, we have a factorization 3 = a-y. In this case, we say that «
is a divisor of 3.

Furthermore, we say that an algebraic integer v € O is a unit if w | 1. We also say that two
algebraic integers «, 0 € O are associates if a = uf for some unit v € 9. Finally, we say that an
algebraic integer m € £ is a prime if 7 is not a unit and if any divisor of 7 is either a unit or an
associate of 7.

As in the case for gaussian integers, we now define a norm on the algebraic integers in . Suppose
that K = Q(A) is of degree n over Q. For every a € K, let oV, ..., a(™ denote the K-conjugates
of a. We define the norm of « by

N(a)=aW . . . o™,
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THEOREM 2.30. Suppose that K = Q(0) is an algebraic number field, and O is the ring of algebraic
integers in K. Suppose further that o, 3 € . Then

(i) N(«) is a non-zero rational integer;

(i) N(af) = N(@)N(3);
(iil) « is a unit in K if and only if N(«) = £1; and
(iv) « is a prime in K if N(«) is a rational prime.

PROOF. (i) The field polynomial f,(t) of o over K is a power of the minimum polynomial p,, (%)

of @ over Q. Since o € O, we must have p,(t) € Z[t], and so f.(t) € Z[t]. But
fa) = (t—aM). . (t—a™).

Hence N(«) is simply (—1)" times the coeflicient of the constant term in f,(t), and so must belong
to Z. On the other hand, the coefficient of the constant term in p, (t) must be non-zero, since pq (t)
is irreducible in Q[t]. It follows that the coefficient of the constant term in f,(¢f) must be non-zero.
Hence N(«) is non-zero.

(ii) Note that if a® .. al™ and gV, ... B are respectively the K-conjugates of o and 3, then
a®p® a3 are the K-conjugates of of3.

(iii) Suppose that N(a) = a® ... o™ = +1. Since a? ... (™ is an algebraic integer and

N(e)

a? o= €K,
a

it follows that a(® ... a(" € O, and so a | 1, whence a is a unit. Suppose now that « is a unit. Then
a | 1, so there exists 8 € O such that aff = 1. It follows from (ii) that
N(a)N(B) = N(af) = N(1) =1,

and so N(«) | 1 in Z. It follows that N(a) = +1.

(iv) Suppose that G | @. Then there exists v € O such that a = $7. It now follows from (ii) that
N(a) = N(B)N(v) in Z. Since N(«) is a rational prime, we must have N(§) = 1 or N(vy) = £1. It
follows from (iii) that § or « is a unit. If 7 is a unit, then [ is an associate of a. (O

We leave it as an exercise for the reader to establish the following result.

THEOREM 2.31. Suppose that K = Q(0) is an algebraic number field, and O is the ring of algebraic
integers in K. Then every element in O, not zero or a unit, is representable as a product of primes

in 0.

REMARK. Note that we have not claimed uniqueness of factorization. Consider the quadratic
number field Q(+v/15). It follows from Theorem 2.24 that the ring of integers is given by Z[v/15].
Here, it can be shown that the algebraic integer 10 has two essentially different factorizations

10=2x5=(5+V15)(5 — V15)

into primes in Z[v/15]. This is the motivation for ideal theory which we study in Chapter 3.



