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4.1. Homogeneous Equations
Consider the n-th order homogeneous linear differential equation
(4.1) Y™ +a )y 4+ . 4 an(t)y =0,

where y = y(t) is an unknown scalar function, and where the scalar functions aq(t),...,a,(t) are
continuous on (r1,72).
If we use the substitution

I =Y, €2 :yl> XN T :y(n_l)a

then z = (y,7/,...,y" V) and 2’ = (¢/,y",...,y"™). Note that

y' 0 10 ... 0 y
0 0 1 0
0 ... 0 1
y™ —an(t) e —ay (1) yn=b
It follows that the equation (4.1) becomes the first order n-dimensional system
(4.2) ' = A(t)x,
where
0 10 0
0 0 1 0
(4.3) At) = : :
0 ... 0 1
—an(t) e —ay(t)

Suppose further that xo = (yo, y{, - - - ,yénfl)), where yo, ¥, - - - 7yén71) are given constants. Then

the initial condition z(tg) = xg of the system (4.2) is equivalent to the initial condition

(4.4) y(to) =yo. ¥ (t0) =vhy -n YV (to) =y
of the equation (4.1).

Suppose that y = 1(t) is a solution of (4.1). Then it is not difficult to see that z = ¢(t) =

(W), (t), ..., D (1)) is a solution of (4.2). Suppose now that x = ¢(t) = (¢1(t),...,va(t)) is
a solution of (4.2). We can show that y = ¢1(t) is a solution of (4.1). Indeed, in view of (4.2) and

(4.3), we have ' = @ (t) = @a(t), ¥ = @h(t) = @3(t), ..., y"~Y = ¢! _1(t) = p,(t). It follows that
(4.1) and (4.2) are equivalent. We therefore have the following result.
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20 4. HIGHER ORDER LINEAR EQUATIONS

PROPOSITION 4.1. Suppose that the scalar functions a1 (t), ..., an(t) are continuous on (ri,r3), and
that to € (r1,72). Then given any constants yo, Y, - - - ,yénfl), there exists a unique solution y = y(t),

t € (r1,7r2), of the equation (4.1) such that the initial condition (4.4) is satisfied.

We now attempt to deduce results analogous to those in Sections 3.2 and 3.3. Our task here is
considerably easier in view of the equivalence of (4.1) and (4.2).

DEFINITION. Suppose that

(45) wl(t),...ﬂﬂn(t), te (7“1,’/“2),

are solutions of the n-th order differential equation (4.1), linearly independent over (rq,r2). Then we
say that (4.5) is a fundamental system of solutions of (4.1).

Corresponding to Proposition 3.3, we have

PROPOSITION 4.2. For every n-th order differential equation (4.1), where the scalar functions
ai(t),...,an(t) are continuous on (r1,r2), a fundamental system of solutions exists.

PRrROOF. By Proposition 3.3, a fundamental system of solutions exists for the equivalent system
(4.2). Suppose that this is

(4.6) P1(t), - - on().

Furthermore, given tg € (r1,72) and k =1,...,n, we may assume that

ka(tO):(07"'7071307“';0):ek~
—— N
k—1 n—k

Note now that for every k =1,...,n,
er(t) = (Gu(0), (), " (0)

for some solution ¥y (t) of (4.1). It follows that the collection 11 (¢), ..., %, (t) are distinct non-trivial
solutions of (4.1) (why?). It therefore remains to show that the solutions ¢1(t),. .., 1, (t) are linearly
independent over (rq,r2). Suppose that

Z gt (t)
=1

is identically zero over (r1,r2). Then so are

>t (), Za Y
k=1

(why?). It follows that

Z ke (t)

k=1
is identically zero over (r1,r2). Since (4.6) is a fundamental system of solutions of (4.2), we must
havea; =...=a, =0. O

PROPOSITION 4.3. Every solution of an n-th order differential equation (4.1), where the scalar func-
tions ai(t),...,an(t) are continuous on (r1,r2), is a linear combination of members of a fundamental
system of solutions of (4.1).

PROOF. Suppose that (4.5) is a fundamental system of solutions of (4.1), and that y(¢), t € (r1,72),
is a solution of (4.1) satisfying the initial condition (4.4). Consider the system of equations

(4.7) i =y (t) Zaw(”to j=01,...,n—1,
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in the variables a1, ..., a,. Let Yy = (yo,. .., y(()"fl)) and a = (ai,...,a,). Then the system (4.7)

can be written in the form Yy = W(to)a, where for t € (r1,72),

Gi(t) o Pa(t)
A0 A )

(4.8) W(t) = : :

R IS ()

Note that the columns of the matrix W(t) form a linearly independent set of solutions of the equivalent
system (4.2) in (r1,72), so that W™L(t) exists for every t € (r1,r2) (why?). It follows that a =
W=L(t9)Ys. Note now that

y(t) = ant(t)
k=1

as required. ()

Suppose that ©¥1(t),..., ¥, (t), t € (r1,r2), are solutions of the differential equation (4.1), where

the scalar functions aq(t),...,a,(t) are continuous on (r1,72). Whether these solutions will form
a fundamental system of solutions of (4.1) depends on whether they are linearly independent over
(Tl, TQ).

The determinant

U1 (t) U (t)
W) . ()
W(t) = det : :
Ot () I el ()

is called the Wronskian of the solutions 1 (t),..., ¥, (). Also, if 11(t),...,¥n(¢) is a fundamental
system of solutions of (4.1), then the matrix (4.8) is called a fundamental matrix.

Note now that the columns of (4.8) form n solutions of the system (4.2). On the other hand, it is
clear from (4.3) that tr A(t) = —a1(¢). It now follows from Proposition 3.5 that

PROPOSITION 4.4. Suppose that the scalar functions ai(t),...,an(t) are continuous on (ri,rs).
Suppose further that ¥1(t),...,¥n(t) are solutions of (4.1), and that tg € (r1,72). Then the Wron-

skian of ¥1(t), ..., ¥n(t) is given by

W(t) = W(to) exp (— /tt a1(s) ds) L te(rm).

Corresponding to Proposition 3F, we have

PROPOSITION 4.5. Suppose that the scalar functions ai(t),...,an(t) are continuous on (ri,r2).
Suppose further that ¥1(t), ..., (t) are solutions of (4.1). Then 11 (t),...,¢¥n(t) is a fundamental
system of solutions of (4.1) if and only if the Wronskian W (t) # 0 for every t € (r1,72).

ExaMPLES. (1) Consider the second order differential equation y” + a(t)y = 0, where the scalar
function a(t) is continuous on (rq,r2). Then for any two solutions, the Wronskian W (¢) is constant
on (r1,r2), since it is clear from Proposition 4.4 that W(t) = W(tp) on (r1,72). This constant is
non-zero if and only if the two solutions are linearly independent on (r1,72).

(2) Consider the third order equation

1 2

1 2
Yy +¥y”ft—2y'+t—3y:0, t>0.

Then the Wronskian of any three solutions satisfies

W 6) = Wlto) exp - / Las) = Wi
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where ¢,to > 0. A fundamental system of solutions is given by 1 (t) = t2, ¥ (t) = t and ¥3(t) = 1/t.
Then

2t 1/t
W(t)=det | 2t 1 —1/t* | =—-
, t

2 0 2/t

and W(1) = —6.

4.2. Non-Homogeneous Equations

Consider the n-th order non-homogeneous linear differential equation

(4.9) Y™ 4+ ar )y 4+ an(t)y = b(t),
where y = y(t) is an unknown scalar function, and where the scalar functions a1 (¢),...,a,(t) and
b(t) are continuous on (rq,rs).

Again we use the substitution z; =y, x3 = ¢/, ..., £, = y™ Y. Then (4.9) can be rewritten as
an n-dimensional non-homogeneous system
(4.10) ' = A(t)x + B(t),
where the matrix A(t) is given by (4.3), and where B(t) = (0,...,0,b(t)).

If 20 = (Yo, Yo, - - - 7y((]"fl)), where o, yp, - - - ,y(()nfl are given constants, then the initial condition

x(tg) = xo of (4.10) is equivalent to the initial condition (4.4) of (4.9). We may therefore conclude
that solutions of (4.9) satisfying the initial conditions (4.4) exist and are unique on (r1,72).

Suppose that ¢1(t),...,1¥n(t), t € (r1,72), is a fundamental system of solutions of the homogeneous
equation (4.1). Consider the function

(4.11) Y(t) =D e (6)5(1),
j=1

where we shall attempt to choose ¢ (t),...,cn(t) so that (4.11) is a solution of (4.9) in (r1,72) with
initial condition (4.4). Note that the matrix W(t) given by (4.8) is a fundamental matrix of the
equivalent system (4.2). Our task is therefore simpler than choosing ¢(t) = (c1(t), ..., ¢, (t)) so that
U(t) = W(t)c(t) is a solution of (4.10), and so
W (t)e(t) + W(t) (t) = A()W(t)c(t) + B(t).
Since W'(t) = A(t)W(t), we need
(4.12) W(t)d (t) = B(t).
To determine c(t) = (c1(t),...,cn(t)), note that W(t) = det W(t) # 0 for every t € (r1,r2). Noting
that B(t) = (0,...,0,b(t)), we have, applying Cramer’s rule on (4.12), that
b(t)W;(t

C/»(t) — ( ) ]( )’

! W(t)
where, for every j =1,...,n, W;(t) = det W;(t) and the matrix Wj;(¢) is obtained from the matrix
W(t) by replacing the j-th column by (0,...,0,1). It follows that

j=1,...,n,

 b(s)W; (5)

W (s)

Finally the initial conditions (4.4) give W(to)c(to) = Yo = (Yo, g, - - - ,y(()n_l)), so that
c(to) = (c1(to), - - -, en(to)) = W (t0)Yo.

ds, j=1,...,n.

(4.13) 5(t) = eit) + [

to

Hence
- - " b(s)W;(s)
B(t) =D cilto)w;(t) + Y v;(t) ds.
2 0 = /to W (s)
Note that

Yo(t) = Z cj(to);(t)
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is the solution of the homogeneous equation (4.1) with given initial condition (4.4).
We have proved

PROPOSITION 4.6. Suppose that the scalar functions ay(t),...,a,(t) and b(t) are continuous on
(r1,72), and that ¥1(t),...,¥u(t), t € (r1,7r2), is a fundamental system of solutions of (4.1). Suppose
further that to € (r1,72). Then the solution of the equation (4.9) with initial condition (4.4) is given
by

) =wn(0) + Y ws(0) [ R as

where Po(t) is the solution of the homogeneous equation (4.1) with given initial condition (4.4), and
where, for every j =1,...,n, W;(t) = det W;(t) and the matriz W;(t) is obtained from the matriz
W(t) by replacing the j-th column by (0,...,0,1).

ExAMPLES. (1) Consider the second order equation
(4.14) Yy +a(t)y + ax(t)y = b(t),

where the scalar functions a(t),a2(t) and b(t) are continuous on (r1,72). Suppose that ;(¢) and
19(t) are linearly independent solutions of the homogeneous equation. Then

o i(t) Pa(t)
W@—(ww>ww>>

Hence Wi (t) = —o(t) and Wa(t) = ¢1(t). Suppose now that ¢ty € (r1,72). Then the solution of
(4.14) with initial conditions y(to) = yo and y'(to) = ¥ is given by

y(t) = 1t (t) + catha(t) — ¢ (t) /f b(;);p(z)@ ds + 9a(t) /f W ds,

where the constants ¢; and ¢y are chosen to satisfy the initial conditions.
(2) We continue with the example at the end of Section 4.1, where 1 (t) = t2, ¥(t) = t and
¥3(t) = 1/t is a fundamental system of solutions of the homogeneous equation

"

1, 2, 2

-y - = —y=0, t>0.
YAy - gy gy
Consider the non-homogeneous equation

"

+1” 2’+2 =t t>0
y ty to t3y_7 b

with initial conditions y(1) =1, ¥’(1) = 2 and y”(1) = 3. Then (4.12) with ¢ = 1 gives

11 1 a(1) 1
2 1 -1 o) | = 2],
2 0 2 cs(1) 3

so that ¢1(1) = 4/3, c2(1) = —1/2 and ¢3(1) = 1/6. On the other hand,

0 t 1/t
Wit)=det| 0 1 -1/t | =-°,

1 0 2/t

20 1/t
Wo(t)=det | 2t 0 —1/t* | =3,

2 1 2/#3

2t 0
Ws(t)=det | 2t 1 0 | =t

0

1
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Recall also that W (t) = —6/t. It follows from (4.13) that
t

4 1 1 7
t)==-+= ds = —t* +
alt)=3+3 ) sds=5"+5
11/t 1 1
cot)=—=—= 32d5:—7t3—7,
2 2/, 6 3
1 1/t 1 2
t)=— 4= tds = —t° 4+ =
cs(?) 6+6/18 ST LT

It now follows from (4.11) that the required solution is

1, 7 1, 1 1 2\1 1
==+ )2+t )t + (=t + =) - ==t?
y() (6 +6> +< 6 3) +<30 T5)7 T30 T
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Problems for Chapter 4

1. Consider the differential equation y” + a(t)y = 0, where the function a(t) is continuous and real
valued on (r1,72). Let ¢ty € (r1,72). Suppose that ¢ is a non-trivial solution of the equation satisfying
w(to) = 0. Show that w/(to) 7é 0.

2. Consider the differential equation 3™ + a;(t)y™ Y 4+ ... + a,(t)y = 0, where ai(t), ..., a,(t)
are continuous and real valued on (r1,79). Let tg € (r1,72).

(i) Show that if ¢ is a solution of the equation, then so are JRetp and Tma.
(ii) Suppose that 1 is a solution of the equation. Suppose also that 1 (t), 9’ (to), ..., ™ D(to)
are all real. Prove that 1 is real valued on (r1,73).

3. Consider the differential equation y” + a1 (t)y’ + a2(t)y = 0, where the functions a(¢) and as(t)
are continuous on an interval (r1,73). Suppose that ¥ (t) and ¥s(t) form a fundamental system of
solutions. Show that

Yi(t)  Ya(t) Vi(t)  ¥s(t)
det ( i) 3 (t) e
ar(t) = — and as(t) = .
o (1) a0 v (D) (D)
Pi(t)  a(t) Pi(t)  s(t)
4. Suppose that uy(t),...,u,(t) are real valued scalar functions continuous on the closed interval
[r1,72). Suppose further that M = (m;;) is an n x n matrix, where for every 4,5 =1,...,n,

miy = [ wOu 0

T1

(i) Show that if u;(t),...,un(t) are linearly dependent over (rq,rz), then det M = 0.
(ii) Suppose that det M = 0. Then the rows of M are linearly dependent. Let by,...,b, € R,
not all zero, satisfy bymi; + ... +b,my,; =0 for every j =1,...,n, and let

A(t) = blul(t) + ...+ bnun(t)
for every ¢ € [r1,72]. Show that

T2
/ A%(t)dt = 0.
T1
Deduce that ui(t),...,u,(t) are linearly dependent over (r1,72).
5. Consider the differential equation

1 1
" /
Yy ——y=0, t>0.
vy -5y

(i) Show that there is a solution of the form t*, where k is a constant.
(ii) Find two linearly independent solutions of the equation, and show that they are linearly
independent.
(iii) Find the solution y(t) of the equation satisfying y(1) = 1 and /(1) = 0.
(iv) Find the solution y(¢) of the equation satisfying y(1) = 0 and y'(1) = 1.

6. Consider the n-th order linear differentiation equation
Y™+ a )y Y 4+ an(t)y =0,

where a;(t),...,a,(t) are continuous on (r1,r3). Suppose that y; (t) is a solution of the equation, and
that to € (r1,r2). Show that the substitution

y=u(t) /tU(S) ds

to
will result in an (n — 1)-th order linear differentiation equation in the variable v = u(t). Use this
method to find a second solution to each of the following equations, linearly independent of the
given y1(t):
(i) v + 4ty + (42 +2)y = 0 and yy (t) = et
(i) v — (2sec’t)y = 0 and y; (t) = tant
(iii) ty” — (t+ 1)y —2(t — 1)y =0 and y; () = ?*
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7. Suppose that a(t) is continuous on (rq,r2), and that the scalar function y;(¢) is a non-trivial
solution of the differential equation y” + a(t)y = 0. Show that if ¢ty € (r1,72), then

() = v (1) / (1 ()2 ds

to
is another solution, linearly independent from y; (t) over (r1,72).

8. Consider the differential equation ¥ + a1 (t)y’ + a2(t)y = 0, where the functions a1 (¢) and ao(¢)
are continuous on an interval (rq1,rs), and a;(t) has continuous derivative on (rq,rs).

(i) Suppose that ¢ is a solution of the equation, and that 1 = ug, where u = u(t) and ¢ = p(t)
are both twice-differentiable on (r1,72). Find a differential equation in v = u(t) which will
make ¢ the solution of a differential equation in which the term involving the first derivative
is absent.

(ii) Solve this differential equation for w.

(iii) Show that ¢ is a solution of the differential equation a” + a(t)z = 0, where

a(t) = aa(t) — Jak(t) ~ Lai(0)

9. Consider the differential equation y” + a1 (t)y’ + az2(t)y = 0, where the functions a1 (¢) and as(t)
are continuous on an interval (r1,r2). Show that if ¢ty € (r1,72), then the function

ot = e [ :p(s> )

is a solution of the equation if and only if p(¢) is a solution of the Riccati equation

= —2% —a1(t)r — as(t).

10. Suppose that aq(t) amd as(t) are continuous on (r1,72). Suppose also that 1 is a real valued
non-trivial solution of the differential equation y” + a1 (t)y = 0, and 15 is a real valued non-trivial
solution of the differential equation y” + az(t)y = 0. Suppose further that as(t) > aq(t) for every
t € (r1,72). Follow ths steps indicated below to show that if ¢; < to are successive zeros of ¥; on
(r1,72), then 1o(t) = 0 for some t € (t1,t2). Suppose on the contrary that 1s(t) # 0 in (¢1,t2). In
view of the Intermediate value theorem, we may assume, without loss of generality, that s (t) > 0
in (t1,t3). Also, in view of the Intermediate value theorem, either v (t) > 0 for all ¢ € (¢1,t2) or
P1(t) < 0 for all ¢ € (t1,t2). Consider the case 11(t) > 0 for all t € (¢1,t3) (the case ¥1(t) < 0 for all
t € (t1,t2) is essentially similar).

(i) Use your knowledge in analysis to show that (1) > 0 and ;(t2) < 0.
(ii) Show that (2()11(t) — ¥1(1)¥5(1))" = (az(t) — a1 (t))¥1(t)¥2(t).
(111) Show that ’(/)2(1‘@)1#’1 (tQ) — ¢2(t1)w/1 (tl) > 0.
(iv) Point out the contradiction.

11. Use the idea in Question 10 to show that any real valued solution of the differential equation
y” + ty = 0 has infinitely many zeros on (0, c0).
[Hint: Let a1(t) = 1, as(t) =t and 9 () = cost.]
12. Consider the differential equation
4 2 sint
"4y + Sy=—, t>0.
Vi gy ==
Show that y; () = 1/t and ya(t) = 1/t* form a fundamental system of solutions of the corresponding
homogeneous equation. Find also the solution y(t) of the given equation satisfying y(1) = 1 and
y'(1) =0.
13. Consider the differential equation

2
y”—gy’—l—y:t2, t>0.

Show that y;(t) = sint — ¢tcost and ya(t) = cost + tsint form a fundamental system of solutions of
the corresponding homogeneous equation. Find also the solution y(¢) of the given equation satisfying
y(r/2) =0 and y/'(7/2) = 1.
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14. Show that the function t(t), defined by (4.11), satisfies
PO (ko) = ci(ta)p (t), k=0,1,....n.
j=1

15. Consider the differential equation
2y Aty + 2+ )y =t t>0.

(i) Show that a fundamental system of solutions of the corresponding homogeneous equation
is given by

t2 t2
where 1 (t) and @2(t) form a fundamental system of solutions of the equation z” 4+ 2 = 0.
(ii) Find all solutions of the original equation for ¢ > 0.



