CHAPTER 1

Uniform Distribution

1.1. Introduction

Throughout, I = [0,1) denotes the unit interval. For any set F, xg denotes its
characteristic function.

Suppose that (s;);en is a sequence of real numbers in the interval I. For every
natural number n and any subset E of I, write

Z(E,n) =Y xe(si);
=1

in other words, Z(F,n) counts the number of terms among s,...,s, that lie in
the set E. The real sequence (s;);en in I is said to be uniformly distributed in I if
for every «, 8 € R satisfying 0 < a < 8 < 1, we have

Z

n—00 n

=p—a.

Put simply, every subinterval of I should have its fair share of the terms of the
sequence (8;)neN-

EXAMPLE. Let 0 be a fixed real number. Consider the sequence (s;);cn, where
s; = {i0} for every i € N. Suppose first of all that 8 is rational. Write 6 = p/q,
where p € Z and ¢ € N. For every i € N, {if} is clearly an integer multiple of
1/q, so that Z([1/2¢q,1/q),n) = 0 for every n € N. It follows that the sequence
({i6})ien is not uniformly distributed in I if 6 is rational. We shall show later that
the sequence ({i0});en is uniformly distributed in I if 8 is irrational.

REMARK. Note that the real sequence (s;);en in I is uniformly distributed in I
if and only if for every a € R satisfying 0 < o < 1, we have

lim Z([0,),m) _

n— oo n

Suppose now that the real sequence (s;);en in I is uniformly distributed in I.
Let f:[0,1] — R be a continuous function. Suppose that the natural number n is
large. Then one may expect that the discrete average

1 n
n Z f(s:)
=1
of the function f over the first n terms of the sequence (s;);eny may not differ
substantially from the continuous average

/01 flx)dx
1
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of the function f over the interval [0,1]. This simple observation leads us to the
following characterization of sequences (s;);en in I that are uniformly distributed
in 1.

THEOREM 1.1. For any real sequence (s;);en in I, the following statements are
equivalent:

(i) The sequence (8;)ien is uniformly distributed in I.
(ii) For every step function g : [0,1] — R, we have

1 & !
lim ~ ) = dz.
Jm 3 3 ats0 = [ ato)as

(iii) For every continuous function f : [0,1] — R satisfying f(0) = f(1), we
have

SR !
nlggon;f(sz')=/o f(z) da.

REMARK. In (iii), it is not really necessary to impose the restriction f(0) = f(1).
However, we have made this specification here in order to facilitate our discussion
of Weyl’s criterion. We shall elaborate on this comment later.

We shall prove Theorem 1.1 by showing that (ii) follows from (i), (iii) follows
from (ii), and (i) follows from (iii).
The first of these three steps is very simple. Note that (1.1) is equivalent to

(1.2) lim (), m) = /1 Xa,8) (%) dz.
0

n— o0 n
Suppose that (i) holds. Let g : [0,1] — R be a step function. By changing a finite
number of values of g if necessary, we may assume that

k
g(x) = Z ch[ajfl,aj)(x)a
j=1

where 0 = ap < a1 < ... < o = 1 is a dissection of [0, 1] and where c1, ..., ¢ are
real constants. Then as n — oo, we have

n n k k n
LY g5 = D ey (50 = Do (; ZX[aﬂ,amsi))
i=1 j=1 i=1

i=1 j=1

k k 1
Z([ajflaaj)vn)

ch— —>ch/ Xlay_1,a;) () d

=1 " =1 o

k

1 1
:/O ZCjX[aj,l,aj)(I) dl':/o g(l’)dx.

j=1

This gives (ii).
However, the other two steps of the proof require ideas concerning approximation.
To show that (iii) follows from (ii), we use the idea of approximation by Riemann
sums. Suppose that the function f : [0,1] — R is continuous. Then it is Riemann



1.1. INTRODUCTION

3

integrable over [0,1]. It follows that given any ¢ > 0, there exists a dissection

0=ap<a; <...<ai=1of [0,1] such that

k

DN ™

T€[oj—1,05] z€[oj—1,045]

J

(o —aj_1) < e[sup f(z)— inf f(x)) <

In other words, there exist two step functions g; : [0,1] — R and g :

such that
(1.3) g1(z) < f(z) < go(z) for every x € [0,1],

and

(1.4 | @@ - n@)as< 5.

For every n € N, the inequalities in (1.3) clearly lead to

(1.5) D AEES SHOEED SrAca)

[0,1] - R

Suppose that (ii) holds. Then there exists ng € N such that for every n > ng, we

have

n

T a) - [ @

i=1

so that

€ 1 — 1
<§ and 'n;gg(si)—/o g2(x) dz

€
<§,

1 — ! € 1 & ! €
=3 s dr—< and = gals, da + <.
"2 g1(si) >/0 g1(z) dx 5 an P 92(84) </0 g2(z) da + 5

Combining these with (1.5), we conclude that for every n > ng, we have

(1.6) /0 g1(z)dz — % < :le_;f(sl) </0 g2(z)dx + %

On the other hand, it clearly follows from (1.3) and (1.4) that

1 1 1 1
/Ogl(x)dx>/0 f(x)dx—% and /Ogg(x)dx</0 f(x)dx—i—g

Combining these with (1.6), we conclude that for every n > ng, we have

1 1 1
dr—e< = ; Az + €,
/Of(x) x e<n;f(s)</0 flz)dz + ¢
so that

<€

1 !
|n;f<si>— | r@as

as required. (iii) follows.

To show that (i) follows from (iii), we consider approximation of characteristic

functions by piecewise linear continuous functions.
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Suppose first of all that 0 < o < 8 < 1. Let € > 0 be given. We may clearly
assume that € < max{a, 8—a,1—8}. We define continuous functions f; : [0,1] — R
and f3 : [0,1] = R by writing

0, if0<z<aq,
d(x—a)le, fa<z<a+e/d,
filz) =< 1, ifat+e/d<z<p—e/d,
—4(w— B)fe, i B-e/A<a<B,
0, if <<,
and
0, if0<z<a—e/d,
dx—a+e/d))e, fa—e/i<z<a,
folz) =4 1, if a« <z < B,
—4(x—p—¢€/d)/e, fB<ax<B+e/d,
0, if B+e/d <z <1,
Note that both functions are piecewise linear.
fi f2
1) 1)
0 o I} 1 0 o B 1
Furthermore, it is easy to see that
(1.7) f1(8) < Xjap) < folw) for every @ € [0,1],
and that
1
€
(18) | (fate) = piany o= £
0
It now follows from (1.7) that for every n € N, we have
1 1« 1<
(1.9) =~ fils) < =D X (5:) < — Y falsi).
i=1 i=1 i=1

On the other hand, clearly f1(0) = f1(1) and f2(0) = f2(1), and so it follows from
(iil) that there exists ng € N such that for every n > ng, we have

n

1 1
IR ICEE

i=1

€ 1 & ! €
< 3 and n;fg(si)—/o fo(z)dz| < 3

so that
n 1 n L
i;fl(sz‘)>/0 fl(l‘)dx—g and itzzlfg(sl)</o f2<:1;)dx+§.

Combining these with (1.9), we conclude that for every n > ng, we have

1 1 1
(1.10) /0 fi(z)dz — g < ;X[aﬁ)(si) </0 fa(x)de + %
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On the other hand, it clearly follows from (1.7) and (1.8) that

1 1 1 1
/ fi(z)dz > / Xa,p)(z) dz — € and / fao(z)de < / Xfa,p)(z) dz + <
0 0 2 0 0 2

Combining these with (1.10), we conclude that for every n > ng, we have
(B—a)—e= /0 Xfap) (@) do —€ < — > Xiaus) (50)
i=1

1
< / X[a,8)(z)dz + €= (8 — a) +¢,
0

so that

<€

1 n
E ZX[Q,B)(Si) - (6 - a)
=1

as required. (i) follows.

Suppose next that « =0 and 0 < 8 < 1. As before, we may clearly assume that
e < max{f8,1 — 8}. In this case, it can be shown that the continuous functions
f1:[0,1] > R and f2: [0,1] — R, given by

4%/67 1f0<1'<6/47
filz) = 1, ife/d <z <pB—e/d,
BT @ -B)/e, ifB—e/4<n < B
0, ifg<e<,
and
L, if0<o <pB,
folz) = —A(x—B—€/d)/e, fB<T<B+e/4,
2= o, if B+e/d<a<]—eld,
dx—1+€/d)/e, f1—€e/4<x <],
will do.

The case 0 < a < 1 and 8 =1 is left as a simple exercise.

1.2. Weyl’s Criterion

Although Theorem 1.1 gives a nice characterization of uniform distribution in
terms of continuous real valued functions on [0, 1], it is completely useless as it
stands, for it is clearly impossible to estimate the discrete average

1 n

- f(si

"Z;()

for every continuous function f : [0,1] — R satisfying f(0) = f(1). It follows that
we must seek to characterize uniform distribution in terms of special collections
of functions f for which we are better able to handle the discrete averages that
arise. The great achievement of Weyl is that he was able to look beyond the
collection of real valued functions for such a special collection. Indeed, he chose a
suitable collection of exponential functions, and Weyl’s criterion is unquestionably
the greatest result in the theory of uniform distribution.
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THEOREM 1.2 (Weyl’s criterion). A real sequence (s;)ien in I is uniformly dis-
tributed in I if and only if for every non-zero integer h, we have
1 n
lim — =
Jim Ze(hsz) 0
i=1
We shall divide the proof of Weyl’s criterion into two steps, summarized below
as Theorems 1.3 and 1.4.
The first step of the proof is one of extension. We shall replace the collection of
real valued functions in Theorem 1.1 by a collection of complex valued functions.

THEOREM 1.3. A real sequence (s;)ien tn I is uniformly distributed in I if and
only if for every continuous function f :[0,1] — C satisfying f(0) = f(1), we have

i 35000 = [ st

PROOF. We simply note that any continuous function f : [0,1] — C satisfying
f(0) = f(1) can be written in the form f = f; + ifs, where f; : [0,1] — R and
f2 1 [0,1] — R are continuous and satisfy f1(0) = f1(1) and f3(0) = f2(1). The
result now follows from Theorem 1.1. (O

The major step in the proof of Weyl’s criterion is one of reduction. Here we
shall replace the collection of complex valued functions in Theorem 1.3 by Weyl’s
collection of exponential functions, clearly a subcollection of all continuous functions
f:0, 1] — C satisfying f(0) = f(1). Note that for every non-zero integer h, we
have fo e(hz)dz = 0.

THEOREM 1.4. Suppose that (s;)ien s a real sequence in I. Suppose further that

for every non-zero integer h, we have

n

.1
nh_}rr;o - Z e(hs;) =0

i=1

Then for every continuous function f :[0,1] — C satisfying f(0) = f(1), we have
LG
i 135600 = [ s

PROOF. The technical result that underpins our proof is the Weierstrass approxi-
mation theorem. Suppose that f : [0,1] — C is continuous and satisfies f(0) = f(1).
Then given any € > 0, there exists a trigonometric polynomial p : [0,1] = C, i.e. a
linear combination of functions of the type e(hx) where h € Z, such that

(1.11) sup |f(x) — p(a)] < 5.
z€[0,1]

Note first of all that

SWIOE /0 () de) <
+ %Zp(sl) x)dx| +
i=1

(1.12)

PICEFINE

‘/ dx—/f da|.
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In view of (1.11), clearly the first and last terms on the right hand side of (1.12)
are each less than €/3. It therefore remains to show that for all sufficiently large n,
we have

1 — ! €
ﬁ;p(si) —/0 p(z)dz| < 3
Suppose that
(1.13) pa) =co+ Y _cje(hjz),

where ¢y € C, ¢1,...,¢; € C\ {0} and hyq,...,h; € Z\ {0}. Then clearly

1 1 k 13 1

- Zp(sl) — /0 p(z)dz = ch - Ze(h]—si) — /0 e(hjz)de | .
; j=1 i=1

Furthermore, we have fo (hjz)dxz =0 for every j =1,...,k, so that

% ip(si) - /

For every j =1,...,k, it follows from the hypotheses that there exists n; € N such
that for every n > n;, we have

(1.14)

1< €

1.15 = his; _c
( ) n;e( JS) < 3]€‘Cj‘
Let ng = max{ni,...,n;}. Then for every n > ng, in view of (1.14) and (1.15), w
have

1< ! €

o>~ [ pla)ds] <

[t 0 3

as required. ()

REMARK. In Theorem 1.1, we impose the restriction f(0) = f(1) in (iii). This
is essential in the proof of Theorem 1.4, as the Weierstrass approximation theorem

would not otherwise be applicable. This is clear, since any function of the type
(1.13) satisfies p(0) = p(1).

EXAMPLE. Let 6 be a fixed real number. The sequence ({if});cy is uniformly
distributed in I if @ is irrational. To prove this, we shall use Weyl’s criterion. For
every non-zero integer h, we have

RS 1
n; h{z@}‘ ﬁ;e (hi)
2 1

< =— 0
n|l —e(hf)| n|sinmhl)| -

’ e(h(n+1)0) — e(hb)
1 —e(hh)

as n — 00, since sin Thé # 0.
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REMARK. Note that in Weyl’s criterion, we have used the exponential functions,
and our proof is underpinned by the Weierstrass approximation theorem. Other
variants of Weyl’s criterion using collections other than the exponential functions
can also be established, so long as the proof is supported by a suitable analogue of
the Weierstrass approximation theorem for those collections.

1.3. Further Comments

There are a number of criteria for uniform distribution. We may, for instance,
confront the problem directly and attempt to estimate the exponential sums that
arise from Weyl’s criterion. An early example goes back to van der Corput. The
estimation of exponential sums, however, is an extremely vast subject, and it is
not our purpose here to discuss such problems. Alternatively, we may devise some
indirect applications of Weyl’s criterion; in other words, we may devise tests for
uniform distribution which ultimately depend on Weyl’s criterion. An early example
of such an approach is due to Fejér. Another example concerns difference theorems
due to van der Corput, for instance.

We may also consider metric results. Here we consider sequences of the type
(ui(z))ien, where the parameter z lies in some given interval J which may be
bounded or unbounded. The sequence may be uniformly distributed modulo 1 for
some values z € J and not so for other values z € J. We are interested in cases
where the exceptional set is of Lebesgue measure 0; in other words, we are interested
in results where the sequence is uniformly distributed modulo 1 for almost all values
x € J. Some early results of this type are due to Weyl and to Koksma.



CHAPTER 2

The Classical Discrepancy Problem

2.1. Introduction

We shall first of all show that the notion of uniform distribution is a relatively
weak one. Recall that a real sequence (s;)ien in I = [0,1) is uniformly distributed
in I if for every a € R satisfying 0 < o < 1, we have

Z([0,a),n
hm ([ )7 ) — 067
n— 00 n
where Z(E,n) counts the number of terms among si,...,s, that lie in a set E,

so that the counting function Z([0,a),n), as a function of n, is asymptotic to its
expectation na in the limit.

Instead of studying the ratio of these two functions, let us consider instead their
difference, and study the discrepancy

D([0,a),n) = Z([0,),n) — n«

of the truncated sequence si,...,s,. Then it is easy to see that a real sequence
(8i)ien in I is uniformly distributed in I if and only if, for every « € R satisfying
0 < a <1, we have

(2.1) D(]0,a),n) =o(n) asn — oco.

We shall show that there are sequences (s;);en in I that satisfy bounds that
are substantially sharper than (2.1). Equally importantly, we shall also exhibit
limitations to such sharpness by showing that in some sense, every sequence (8;);en
in I has some minimal irregularity. This study of irregularities of distribution can
be viewed as a quantitative version of uniform distribution.

2.2. History of the Problem and Roth’s Reformulation

We have shown earlier that the sequence ({i0});ecn of fractional parts is uniformly
distributed in I for every fixed irrational number # € R. In fact, it can be shown
that in the case when 6 = v/2, the sequence ({iv/2});en satisfies the bound

(2.2) D([0,a),n) = O(logn) asn — oo,

for every fixed o € R satisfying 0 < a < 1.

It can also be shown that the famous van der Corput sequence, which we shall
define later, satisfies a similar bound.

These examples raise the question of whether the bound (2.2) can be improved.
The following conjecture of van der Corput can be found in his work on distribution
functions.
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CONJECTURE (van der Corput 1935). Suppose that (s;)ien is a Teal sequence
in I =[0,1). Corresponding to any arbitrarily large real number k, there exist a
positive integer n and two subintervals I; and I, of equal length, of I such that

|Z(I1,n) — Z(I3,n)| > k.

In short, this conjecture expresses the fact that no sequence can, in a certain
sense, be too evenly distributed.

This conjecture is true, as shown by van Aardenne-Ehrenfest in 1945. Indeed,
we have the following refinement.

THEOREM 2.1 (van Aardenne-Ehrenfest 1949). Suppose that (s;)ien s a Teal
sequence in I =[0,1). Suppose further that N € N is sufficiently large. Then

loglog N
2.3 D([0 —_—
(2.3) 1§3£N| (0.0 m)| > 5 g
0<a<l

This result immediately raises the question of which functions f(N) satisfy the
following assertion.

ASSERTION A. For every real sequence (s;)ien in I = [0,1) and every N € N,
we have
(2.4) sup |D([0,a),n)| > f(N).
1<nEN
0<axl
Next, we consider Roth’s formulation of the problem in 1954.
Suppose that P is a distribution of N points in the unit square [0, 1]2. For every
aligned rectangle B(x) = [0,21) x [0, 22), where x = (21, x2) € [0, 1]?,

B(x)

let Z[P; B(x)] denote the number of points of P that fall into B(x), and consider
the discrepancy

(2.5) D[P; B(x)] = Z[P; B(x)] — Nz1x2,

noting that N1z represents the expected number of points of P that fall into the
rectangle B(x).

We now consider the corresponding question of which functions g(NN) satisfy the
following assertion.

ASSERTION B. For every distribution P of N points in the unit square [0, 1],
we have

(2.6) 68[1311]2 |D[P; B(x)]| > g(N).
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In fact, the two assertions are equivalent, as shown by Roth in 1954. More
precisely, if f(N) satisfies the inequality (2.4), then the inequality (2.6) holds with
g(N) = f(N). Similarly, if g(IV) satisfies the inequality (2.6), then the inequality
(2.4) holds with f(N) = g(N).

The following astonishing result represents arguably Roth’s greatest work.

THEOREM 2.2 (Roth 1954). For every distribution P of N points in the unit
square [0,1]%, we have

(2.7) / |D[P; B(x)]|* dx > log N.
[0,1]2

The following two results are immediate consequences.

THEOREM 2.3. For every distribution P of N points in the unit square [0, 1],
we have
(2.8) sup |D[P; B(x)]| > (log N)?.
x€[0,1]2
THEOREM 2.4. For every real sequence (s;)ien in I = [0,1) and every N € N,
we have
sup |D([0,x),n)| > (log N)=.

1<n<N
O0<axl

Theorem 2.4, having been obtained as a consequence of Theorem 2.2, is not best
possible. We have a substantially stronger result.

THEOREM 2.5 (Schmidt 1972). For every real sequence (8;)ien in I =[0,1) and
every N € N, we have
sup [D([0, ), n)| > log N.
1<n<N
0<a<l
This leads immediately to the following corresponding result.

THEOREM 2.6. For every distribution P of N points in the unit square [0, 1]?,
we have

(2.9) sup |D[P;B(x)]| > log N.
x€[0,1]2

An alternative proof of Theorem 2.6 is due to Haldsz in 1981, as is the following
new result.

THEOREM 2.7 (Haldsz 1981). For every distribution P of N points in the unit
square [0,1)?, we have

(2.10) /[0 ; |D[P; B(x)]| dx >> (log N)=.

This is an improvement of the following result of Schmidt which itself is an
improvement of Theorem 2.2.

THEOREM 2.8 (Schmidt 1977). Suppose that ¢ € R is fized, where 1 < q < 0.
For every distribution P of N points in the unit square [0,1]?, we have

(2.11) / |D[P; B(x)]|?dx >, (log N)2¢.
[0,1]2
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Theorems 2.5 and 2.6 are essentially best possible, in view of the following upper
bound, due to Lerch, and its analogue.

THEOREM 2.9 (Lerch 1904). There exists a real sequence (s;)ien in I = [0,1)
such that for every N € N satisfying N > 2, we have
sup [ D(0, ), m)] < log N.
1<nEN
0<axl

THEOREM 2.10. For every N € N satisfying N > 2, there exists a distribution P
of N points in the unit square [0,1]? such that

(2.12) sup |D[P; B(x)]| < log N.
x€[0,1]2

In fact, Theorems 2.2, 2.7 and 2.8 are also sharp.

THEOREM 2.11 (Davenport 1956). For every N € N satisfying N > 2, there
exists a distribution P of N points in the unit square [0,1])? such that

(2.13) / |D[P; B(x)]|* dx < log N.
[0,1)2

THEOREM 2.12 (Chen 1980). Suppose that ¢ € R is fized, where 0 < g < co. For
every N € N satisfying N > 2, there exists a distribution P of N points in the unit
square [0,1)? such that

(2.14) / |D[P; B(x)]|? dx <, (log N)2¢.
[0,1]2

We complete this section by demonstrating the equivalence of Assertions A and B.

Suppose first of all that Assertion B holds for a function g(IV), and we may clearly
assume that g(N) — oo as N — co. Let (s;);en be a given sequence in I = [0,1).
We now apply Assertion B with the set

P={(s;, N '(i—-1):i=1,...,N}.
Then there exists x = (21, x2) € [0, 1]? such that
[D[P; B(x)]| > e19(N),
where ¢; is a positive absolute constant. It then follows that
ID([0, @), n)| > cag(N),

where a = z1 and n = —[—Nx3], and where ¢5 < ¢; is a positive constant depending
at most on the function g(IN) but independent of N. Hence Assertion A is satisfied
with f(N) = g(N).

Suppose next that Assertion A holds for a function f(N), and again we may
clearly assume that f(N) — oo as N — co. Suppose that

P={(y1(2),y2(4)) :i=1,...,N},
with
(2.15) y2(1) < 52(2) <... < y2(N).
We now consider the modified point set

P ={(y(i),N"*(i—1)):i=1,...,N},
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and write

(2.16) M= sup |D[P;B(x)]] and M*= sup |D[P*;B(x)].
x€[0,1]2 x€[0,1]2

Clearly, it follows immediately from (2.16) that
1Z[P; B(1,y2(i))] = Nya2(2)| < M.

On the other hand, (2.15) can have at most 2M — 1 consecutive equalities, and so
[Z[P; B(L, y2(i))] — (i — 1) < 2M.

It follows that

(2.17) (= 1) — Nys()] < 3M.

Observe next that the difference |Z[P; B(x)] — Z[P*; B(x)]| does not exceed the
number of integers i for which exactly one of the two numbers y,(i) and N=1(i —1)
is strictly less than zo. By (2.17), there are at most 6M such integers i. Hence

ID[P*; B(x)]| < |Z[P; B(x)] — Z[P*; B(x)]| + |D[P: Bx)]| < TM,

and so M* < TM. Clearly M* > f(NN), so it follows immediately that Assertion B
holds with g(N) = f(N).

2.3. Higher Dimensions

The two formulations that we have discussed earlier can be extended to higher
dimensions. Then the corresponding Assertion A in dimension k will concern the
distribution of sequences (s;);en in I*¥ = [0,1)* with respect to aligned rectangular
boxes of the type [0,a) = [0,a1) X ... x [0, ), where & = (a,...,a) € (0,1]%,
while the corresponding Assertion B in dimension K will concern distributions P
of points in the unit cube [0, 1]¥ with respect to aligned rectangular boxes of the
type B(x) = [0,21) X ... x [0,2k), where x = (x1,...,7x) € [0,1]%. One can also
show without too much difficulty that Assertion A in dimension k is equivalent to
Assertion B in dimension K =k + 1.

Furthermore, Theorems 2.2 and 2.8 can be extended in a straightforward way.

THEOREM 2.13 (Schmidt 1977). Suppose that ¢ € R is fized, where 1 < ¢ < oo.
For every distribution P of N points in the unit cube [0,1]%X, we have

/ |D[P; B(x)]|? dx >, (log N)z(K—1Da,
[0,1]K

The case ¢ = 2 is part of Roth’s original work in 1954.
On the other hand, Theorems 2.11 and 2.12 can also be extended, albeit with
substantial new ideas. The case ¢ = 2 of the following result is due to Roth in 1980.

THEOREM 2.14 (Chen 1980). Suppose that q € R is fized, where 0 < q¢ < oco. For
every N € N satisfying N > 2, there exists a distribution P of N points in the unit
cube [0, 1] such that

[ IPIP BN ax iy (o )2
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The Great open problem in discrepancy theory concerns the study of the function
sup |DIP B

x€[0,1]
in dimensions K > 2. Here the best results known so far are summarized below.

THEOREM 2.15 (Halton 1960). For every N € N satisfying N > 2, there exists a
distribution P of N points in the unit cube [0,1]% such that

(2.18) sup |D[P; B(x)]| <k (log N)X~1.
x€[0,1]K

THEOREM 2.16 (Bilyk, Lacey and Vagharshakyan 2008). There exists o € (0, 1)

such that for every distribution P of N points in the unit cube [0,1]%, we have

(2.19) sup |D[P; B(x)]| > (log N)zK-D+or,
x€[0,1]K

There clearly remains a substantial gap between the lower bound (2.19) and the
upper bound (2.18). There have been different conjectures concerning the correct
answer to this question.

Another difficult question concerns the study of the function

/ ID[P; B(x)]| dx
[0,1]%

in dimensions K > 2. Here we have the following result.

THEOREM 2.17 (Haldsz 1981). For every distribution P of N points in the unit
cube [0,1]%, we have

[N

/[0 % |D[P; B(x)]| dx >k (log N)=.

Here the conjecture is that the exponent % should be %(K — 1), consistent with
the conclusion of Theorem 2.13.



CHAPTER 3

Generalization of the Problem

3.1. The Work of Schmidt and Beck

Roth’s reformulation of the original discrepancy problem brings geometry into
consideration, and enables us to pose the following far more general question.

We initially restrict our discussion to the unit square U = [0, 1]? or the torus
U = T?, where T = R/Z. Let A denote an infinite collection of subsets of U,
endowed with an integral geometric measure dA, suitably normalized so that the
total measure is equal to 1. Suppose that P is a distribution of N points in U. For
every set A € A, let Z[P; A] denote the number of points of P that fall into A, and
consider the discrepancy

D[P; A] = Z[P; A] = Nu(A),

where p(A) denotes the usual area of A, so that Nu(A) represents the expected
number of points of P that fall into the set A.

ExXAMPLE. For the classical discrepancy problem, the sets in A are of the form
B(x) = [0,21) x [0,22), where x = (z1,22) € [0,1]?, and the measure is the usual
Lebesgue measure dx.

We may then consider an average of the form

[ 10iP: A aa
A
for fixed ¢ € R satisfying 1 < ¢ < co. We may also consider the extreme discrepancy

sup |D[P; A]l.
AcA

The study of the problem in this more general setting originates from the work
of Schmidt in the 1960s and 1970s. We state here a few of his remarkable results.

THEOREM 3.1 (Schmidt 1969). Let A denote the collection of discs of diameter
not exceeding 1 in the unit torus T2. For every distribution P of N points in T2
and every positive real number €, we have

(3.1) sup |D[P; A]| >. Ni—e,
AeA
THEOREM 3.2 (Schmidt 1977). Let A denote the collection of rotated rectangles

of diameter not exceeding 1 in the unit torus T?. For every distribution P of N
points in T2 and every positive real number €, we have

(3.2) sup |D[P; A]| > N3~
AeA

15
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THEOREM 3.3 (Schmidt 1973). Let A denote the collection of convex sets of
diameter not exceeding 1 in the unit square [0,1]2. For every distribution P of N
points in [0,1]%, we have

sup |D[P; A]| >. N5.
AeA

These estimates are close to best possible. Indeed, the following results can be

established using large deviation techniques in probability theory.

THEOREM 3.4 (Beck 1981). Let A denote the collection of discs of diameter not
exceeding 1 in the unit torus T2 or the collection of rotated rectangles of diameter
not exceeding 1 in the unit torus T2. For every natural number N > 2, there exists
a distribution P of N points in T? such that

sup |D[P; A]| < Ni(log N)?.
AeA

THEOREM 3.5 (Beck 1988). Let A denote the collection of convex sets of diameter
not exceeding 1 in the unit square [0,1]%. For every natural number N > 2, there
exists a distribution P of N points in [0,1]? such that

sup | D[P; A]| < N3 (log N)*.
AcA

The following result, arguably the greatest single contribution to discrepancy
theory, is due to Beck and is established via Fourier transform techniques used by
Roth in the 1960s to study discrepancy problems for integer sequences.

Let B denote a compact and convex set in the unit torus T?. For every real
number \ € [0, 1], every rotation @ € [0, 2] and every translation x € T?, let

(3.3) B\ 0,x) ={0(\y)+x:y € B}

denote the similar copy of B obtained from B by a contraction by factor A about
the origin, followed by an anticlockwise rotation by angle 6 about the origin and
then by a translation by vector x. We denote by A(B) the collection of all similar
copies of B obtained this way.

THEOREM 3.6 (Beck 1987). Suppose that P is an arbitrary distribution of N
points in the unit torus T2. Let B denote a compact and convex set in T? such
that #(B) = N~ 2, where r(B) denotes the radius of the largest inscribed ball in B.
Then

27 1
(3.4) // /|D[P;B(>\,0,x)]|2d)\d6dx>>3 N3,
T2 JO 0

REMARK. The estimate (3.4) gives, as an immediate consequence, the estimate

sup |D[P; Al >p N1,
A€ A(B)

leading to an improvement of the estimates (3.1) and (3.2). In fact, the technique of
Theorem 3.4 applies in this more general setting, so that for every natural number
N > 2, there exists a distribution P of N points in T? such that

sup |D[P;Al| <5 Ni(logN)2.
A€ A(B)

In fact, Theorem 3.6 is best possible, in view of the following result.
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THEOREM 3.7 (Beck and Chen 1990). Let B denote a compact and convex set in
the unit torus T2. For every natural number N, there exists a distribution P of N
points in T? such that

2 1
(3.5) // /|D[7?;B()\,9,x)]|2d/\d9dx<<3N%.
T2 JO 0

3.2. The Disc Segment Problem of Roth

Next, we turn our attention to an interesting problem raised by Roth.

Let Uy denote the closed disc of unit area in R?, centred at the origin. For every
non-negative real number r» € R and every angle 6 € [0, 2], let H(r,8) denote the
closed half plane

H(r,0) = {xcR?:x-e(f) >r},

where e(f) = (cos,sinf) and x -y denotes the scalar product of x and y, and
write

S(r,0) = H(r,0) N Up.

It is not difficult to see that S(r, #) is a disc segment in Uy, with its straight boundary
a perpendicular distance r away from the origin, and where the perpendicular from
the origin to this boundary is at an angle 6 from the positive horizontal direction.

Suppose that P is a distribution of N points in Uy. For every real number
r € [0,772] and every angle 6 € [0,2x], let Z[P;S(r,0)] denote the number of
points of P that fall into S(r,0), and consider the discrepancy

DI[P; 5(r,0)] = Z[P; S(r,0)] = Nu(S(r,0)),

where 1 is the usual area measure in R2. The question of Roth concerns whether
there exists a positive function g(IV), satisfying g(N) — oo as N — oo, such that
for every distribution P of N points in Uy, we have

sup [ D[P;S(r,0)]| > g(N).

o<r<m
0<oL27

[N

Roth’s question has been answered in the affirmative by Beck and improved by
Alexander.

THEOREM 3.8 (Beck 1983). For every distribution P of N points in Uy, we have
sup  |D[P;S(r,0)]| > Ni(log N) 2.

THEOREM 3.9 (Alexander 1990). For every distribution P of N points in Uy, we
have

ol

27 e
(3.6) / / |D[P; S(r,0)]|>drdf > Nz,
o Jo
In particular, we have
(3.7) sup  |D[P;S(r,0)]| > Ni.
()grg'nf%
0<0<2m

The estimate (3.7) is sharp, in view of the following amazing result.
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THEOREM 3.10 (Matousek 1995). For every natural number N, there exists a
distribution P of N points in Uy such that
sup |D[P;S(r,0)]| < N#.
1

or<n™ 2
0<oL27

On the other hand, we can establish the following surprising result.

THEOREM 3.11 (Beck and Chen 1993). For every natural number N > 2, there
exists a distribution P of N points in Uy such that

(3.8) /0 ! /O " DIP; S(r,0)]| dr d6 < (log N)2.

Note that any distribution P of N points that satisfies the inequality (3.8) must
also at the same time satisfy the inequalities (3.6) and (3.7). This shows that while
the discrepancy can be very large, it does not happen very often.

3.3. Convex Polygons

Let us return to the unit torus TZ.

Suppose now that B is a closed convex polygon in T?. For every real number
A € [0,1], every rotation 6 € [0,27] and every translation x € T?, we can consider
similar copies of B given by (3.3). For every distribution P of N points in T?, the
inequality (3.4) holds. On the other hand, for every natural number N, there exists
a distribution P of N points in T? such that the inequality (3.5) holds.

Note next that a convex polygon is the intersection of a finite number of half
planes. But then the disc segment problem is really a problem about half planes.
It is therefore perhaps not too surprising that we have the following analogue of
Theorem 3.11.

THEOREM 3.12 (Beck and Chen 1993). Let B denote a closed convex polygon in
the unit torus T2. For every natural number N > 2, there exists a distribution P
of N points in T2 such that

27 1
/ / / |D[P; B(\,0,%)]| d\df dx <p (log N)?.
™Jo Jo

The point set P used in the proof of Theorem 3.12 is a suitably scaled copy of
a square lattice. Here one notes that the discrepancy D[P; B()\,0,x)] is large for
some rotations 6 and small for other rotations #. This leads us to investigate what
happens if we do not permit rotations and restrict our investigation to homothetic
copies of a given closed convex polygon B.

More precisely, let B denote a closed convex polygon in the unit torus T?. For
every real number \ € [0,1] and every translation x € T?, let

BA\,x)={\y+x:y € B}

denote the homothetic copy of B obtained from B by a contraction by factor A
about the origin, followed by a translation by vector x.

By rotating a suitably scaled copy of a square lattice by a carefully chosen angle,
we can establish the following generalization of Davenport’s theorem concerning
aligned rectangles.
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THEOREM 3.13 (Beck and Chen 1997). Let B denote a closed convex polygon in
the unit torus T2. For every natural number N > 2, there exists a distribution P
of N points in T2 such that

1
//|D[73;B()\,x)]|2d/\dx<<3 log .
T2 JO

3.4. Higher Dimensions

The questions discussed in Section 3.1 can be generalized to higher dimensions
without extra difficulties. Let B denote a compact and convex set in the unit torus
TX. For every real number A € [0, 1], every orthogonal transformation 7 € 7 and
every translation x € TX | let

B\, 1,x)={r(\y)+x:y € B}

denote the similar copy of B obtained from B by a contraction by factor A about the
origin, followed by an orthogonal transformation 7 about the origin and then by a
translation by vector x. Here T denotes the group of all orthogonal transformations
in T¥, with measure dr normalized so that the total measure is equal to 1.

We summarize the main results as follows.

THEOREM 3.14 (Beck 1987). Suppose that P is an arbitrary distribution of N
points in the unit torus TX. Let B denote a compact and convez set in T such
that r(B) > N™x , where r(B) denotes the radius of the largest inscribed ball in B.
Then

1
/ // |D[P; B\, 7, x)][?dAdrdx >p N7 %,
™= JT JO

THEOREM 3.15 (Beck and Chen 1990). Let B denote a compact and conver set
in the unit torus TX. For every natural number N, there exists o distribution P of
N points in TE such that

1
/ // |D[P;B()\,T,X)]|2d>\deX<<BNli%.
T« JT Jo

THEOREM 3.16 (Beck 1981). Let B denote a compact and convex set in the unit
torus TX. For every natural number N > 2, there exists a distribution P of N
points in TX such that

sup |D[P; B(\, 7,%)]| <5 N2~ 7% (log N)Z.
A€[0,1]

TET

xeTk

The disc segment problem discussed in Section 3.2 can be generalized to higher
dimensions as follows. Let Uy denote the closed sphere of unit volume in R,
centred at the origin. The radius R of Uy satisfies the formula

RKF<I2<+1)7T .

For every non-negative real number r» € R and every unit vector e € R”, let
H(r,e) denote the half space in R™, not containing the origin and with its boundary
hyperspace a perpendicular distance r from the origin in the direction e, and let
S(r,e) = H(r,e) N Uy. Let ¥ denote the set of unit vectors in R¥ and de its
measure normalized so that the total measure is equal to 1.

DR
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THEOREM 3.17 (Alexander 1991). For every distribution P of N points in the
closed sphere Uy in RE | we have

R
// \DIP; S(r, &)]? dr de > N~ %.
> JOo

Using a variant of the technique for the proof of Theorem 3.7, one can show that
the above result is essentially best possible.

Finally, no generalization of any result in Section 3.3 to higher dimension is
known. Any attempt is likely to bring the investigator towards the famous but yet
unresolved Littlewood conjecture on diophantine approximation.



CHAPTER 4

Introduction to Lower Bounds

4.1. Trivial Errors

One of the key ideas in the study of discrepancy theory is the very simple notion
that there is no integer between 0 and 1. Indeed, we exploit these gaps between
integers, as they give us the trivial discrepancies or trivial errors. The main part
of any discrepancy argument is then to find ways to blow these up. More precisely,
we try to find ways of accumulating these trivial errors and ensure that they do not
cancel among themselves.

The best illustration of the above description is an elegant yet simple proof of
the following surprisingly sharp result.

THEOREM 3.3 (Schmidt 1973). Let A denote the collection of conver sets of
diameter not exceeding 1 in the unit square [0,1)2. For every distribution P of N
points in [0,1]2, we have

sup |D[P; A]| >. N5.
AeA

PROOF. Let A denote the closed disc of diameter 1 and centred at the centre of
the unit square [0, 1]%. We now consider disc segments S of area (2N)~! as shown

in the picture below.
/% \
A

Any such disc segment S may contain no points of P or contain at least one point
of P. But then Nyu(S) = 3, so that we expect each of these disc segments to contain
precisely half a point, which is clearly impossible. Consequently, corresponding to

these two cases, we have respectively the trivial discrepancies

1 1
D[P;S] = —3 and D[P;S] > 3

Simple geometric consideration will show that there are > N 3 mutually disjoint
disc segments of this type. Suppose that among these, S1,..., S, contain no point
of P, while T1,...,T,, each contains at least one point of P. We now consider the

21
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two convex sets

A\ (S1U...US,) and A\ (T1U...UT).

Then
D[P; A\ (S U...USy)] = D[P; A] — zk:D[P; Si]
and .
D[P; A\ (TyU...UT,,)] = D[P; A] - zm:D[P;Tj],
so that .

D[P; A\ (S1U...USE)] = D[P; A\ (Th U...UTy,)]

m k
m+k 1
= D[P;T;] — D[P;S;] > > N3,
Y DIPiT,) =Y DIPiS) > =5

It follows that
max{|D[P; A\ (S;U... US|, |D[P;A\ (TyU...UT,)]|} > N5.
The result follows. ()

REMARK. This result is sometimes affectionately known as Schmidt’s chocolate
theorem. The reader may find the email below amusing:

Dear William,

Recently I came upon some old writing of yours about me and chocolate. Actually
my son had found it someplace on the internet and forwarded it to me. It is the
note which contains two lemmas.

Lemma 1. Wolfgang Schmidt loves chocolate.

Lemma 2. Pat Schmidt makes lovely chocolate cake.

I am very touched by your kind comments. Am I forgetful or what, but I don’t
remember hearing you talk about this at a conference or reading it before. My
son talked about your writing to my grandson (8 years) who then wrote about
it in a school project, saying he liked me because I like chocolate and I am funny.
Unfortunately I now have to eat less chocolate. I had kidney stones and nutritionists
(they are bad people) say I should avoid chocolate and some other food to prevent
kidney stones from recurring ...

Best wishes, Wolfgang.

PROOF OF SCHMIDT’S CHOCOLATE THEOREM. The proof of Lemma 1 is obvious.
The proof of Lemma 2 is obvious to any reader who has been to the Schmidt
residence in Boulder, Colorado. For others, try to get an invitation to visit the
great man.

On Wolfgang’s N-th birthday, Pat had made a beautiful round chocolate cake of
diameter 1 and placed it on a square plate of area 1. She then decorated this with
N chocolates, some of these on top of the cake and others on the plate.

When Wolfgang entered the kitchen while Pat was out, and when he saw the
cake, he remembered Lemma 2. It follows from Lemma 1 that he decided to cut a
small piece. By instinct, he chose to cut a small segment of area (2N)~!, realizing
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that the remainder would remain convex and that he could repeat this operation
> N3 times without destroying the convexity of (what remained of) the cake.

Naturally, Lemma 1 dictates that those segments that Wolfgang preferred to cut
each contained at least one chocolate. After a while, he realized that the remainder
of the cake was rather deficient of chocolates. In any case, when Pat returned and
discovered that some chocolates were missing, she decided to make another cake,
rather similar to the first one. After all, this was Wolfgang’s birthday. However,
she did put the chocolates closer to the centre of the cake.

Later that day, when Wolfgang saw the second cake, he realized that if he chose
again to cut a small segment of area (2N)~! and repeat this operation a reasonable
number of times, these small pieces would now not contain any chocolates, with the
result that (what remained of) the cake was still convex but now rather abundant
of chocolates.

One way or other, the number of chocolates would differ from the expected
number by > Ns. O

4.2. Roth’s Orthogonal Function Method

In this section, we shall study the ideas underpinning the pioneering result of
Roth.

THEOREM 2.2 (Roth 1954). For every distribution P of N points in the unit
square [0,1]?, we have

(4.1) / |D[P; B(x)]|* dx > log N.
(0,12

Recall that the rectangle B(x) = [0,21) X [0, 22) for every x = (21, x2) € [0, 1]?.

Since the point set P is arbitrary, we have no precise information on these points,
and so it is hard to extract discrepancy near these points. On the other hand, note
that parts of [0, 1]? are short of points of P, giving rise to trivial discrepancies, so
we try to exploit these.

Suppose that P has N points. If we partition the unit square [0,1]? into more
than 2N subsets, then at least half of these subsets are devoid of points of P. More
precisely, choose n to satisfy

(4.2) 2N < 2" < 4N,

and partition [0, 1]? into similar rectangles of area 27™. Then at least half of these
rectangles contain no points of P. We shall extract discrepancy from such “empty”
rectangles.

A typical rectangle of area 27" = 27" x 272 is of the form

2
(4.3) B = [[lm27", (m; + 1)2777),

j=1

where my, mg € Z satisfy 0 < m; < 27 for j = 1,2. For convenience, we shall call
this an r-rectangle, where r = (r1,72).
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Let B’ denote the bottom left quarter of the r-rectangle B. For any x € B’,
consider the rectangle B’(x) of area 27 "~2 and with bottom left vertex x as shown.

B

B'(x)

B/

Suppose that B contains no point of P. Then B’(x) contains no point of P, and
so has trivial discrepancy —N27"~2. A device to pick up this trivial discrepancy
is provided by the Rademacher function R, ,,(x) defined locally on B as follows.

-1 +1

+1 -1

For any x € B’, let y,z, w denote the other vertices of B’(x) as shown.

B

B'(x)

B X y

Writing D(x) as an abbreviation for D[P; B(x)], we have

/DPB dx_/D 1y (X) dX
~ [ (D)~ D(y) - D(z) + D(w) dx

= | D[P;B'(x)]dx = —N272"~4,
B/

To avoid those r-rectangles B with points of P undoing what we have achieved, we
choose to kill off the effects of those r-rectangles. Accordingly, we define an auxiliary
function on [0,1]? as follows. Let B be any r-rectangle of area 27" = 27" x 272
and of the form (4.3), where r = (r1,72). Write

B _er,rz(x)> ifBﬂP:@,
(4.4) frirm (%) = { 0, if BNP # (.
Then

N2=2n=4  if BONP =10,
(4.5) /BD(X)fh,m (x) dx = { 0, if BNP # 0.
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Summing over all similar r-rectangles, and noting that at least 2" ! r-rectangles
B satisfy BNP = (), we conclude that

(4.6) D(X) fry ry(X)dx = N272" 4 4IB: BOP =0} > 1.
[0,1]?

There are n + 1 choices of integers r1,79 > 0 with r; + ro = n. Accordingly, we
consider the auxiliary function

(4.7) Fx)= Y frn®).
r1,72220
ri1+re=n

Then it follows from (4.6) that
(4.8) D(x)F(x)dx > n+1.
[0,1]2

The Cauchy—Schwarz inequality gives

< / |D(X)\2 dx
[0,1]2
We therefore need

(4.10) / |F(x)?dx < n+1,
[0,1]>

N
N

(4.9) D(x)F(x)dx

[0,1)?

( / |F<x>|2dx>
[0,1]2

but this follows easily from the orthogonality condition
W[ s GOh () de=0 () £ 070,
0,1

easily seen by drawing a suitable picture of the two functions in the integrand.
Thus

/[ - |D(x)|? dx > log N,
0,1

and this is an abbreviated form of the desired inequality (4.1).

We shall complete this section by making some remarks concerning the proof of
Theorem 2.8. We shall not give all the details, since this result is superseded by
Theorem 2.7.

We shall use the same auxiliary function (4.7), so that (4.8) still holds. Now,
instead of the Cauchy—Schwarz inequality (4.9), we use the Hoélder inequality

<< /[0)1]2|D(x>|qu> ( [, 1Ee dx) ,

valid for any positive ¢,t € R satisfying ¢~ +¢~! = 1. The inequality (4.10) now
needs to be replaced by the stronger inequality

/[0 " |F(x)]*™ dx <, (n+1)™,

D(x)F(x)dx
[0.1)2

and this can be established for every m € N, based on some super-orthogonality
condition which represents a generalization of (4.11) to the case where the integrand
is a product of 2m terms rather than just 2 terms.
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REMARK. We comment at this point that while Theorem 2.8 extends in a natural
way to higher dimensions, this is not the case for Theorem 2.7. Indeed, the higher
dimensional analogue of Theorem 2.7 is one of the greatest open problems in the
subject.

4.3. Halasz’s Variation of Roth’s Method

Suppose that the integer n is defined by (4.2) as before. A shrewd observation
by Halasz in 1981 is that the auxiliary function

(4.12) Hx)= [] (O+afrn®)-1,
71,7220
ri+re=n

1

where « is a suitable fixed positive constant satisfying 0 < a < 3, to be chosen

later, can be used to establish the following result.

THEOREM 2.6 (Schmidt 1972). For every distribution P of N points in the unit
square [0,1]?, we have

sup |D[P;B(x)]| > log N.
x€[0,1]2

The Cauchy—Schwarz inequality (4.9) is now replaced by the simpler inequality

<< sup D<x>|> [ ieo)ax
x€[0,1]2 [0,1)2

To handle the integral on the right hand side, we need a simple generalization of
the orthogonality condition (4.11). The following result follows almost immediately
from the definition (4.4).

(4.13) D(x)H (x) dx

[0,1)?

LEMMA 4.1. Suppose that for each i = 1,...,7, the pair v; = (r1;,72;) of non-
negative integers satisfies r1; + r2; = n. Suppose further that the pairs rq,...,r;
are distinct. Then if s = (s1, s2), where

$1 = max ry; and Sy = max T,
1<i<) 1<i<)

then for any s-rectangle B, precisely one of the following three conditions holds:
() fri(¥).. - fr; (%) = Rs(x); or
(i) fe,(x)... fr;(x) = =Rs(x); or
(iii) fe, (x)... fr,(x) = 0.

Furthermore, we have
(4.14) [ im0 g =
[0,1]2

It now follows that

(4.15) / |H (x)| dx < / Il a+afrrn®)dx+1=2
[0,1]2 0,12 ;550
ri1+re=n

In view of (4.13), it remains to prove that
(4.16) D(x)H (x)dx > n+1,
[0,1)2

the analogue of (4.8).
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For simplicity, we write
T={r=(r1,re) €Z*: 71,73 > 0 and ry + 75 = n},

so that Z has precisely n + 1 elements.
It is easy to see that

n+1
(4.17) H(x) = aF(x) + Z ol Fj(x),

where, for every j =2,...,n+1,

Fj(x): Z fl‘l(x)"'fl‘j(x)'

ri,...r;€Zl
ry,...,r; distinct

Here, the first term on the right hand side of (4.17) is the main term, and we
think of the rest as remainder terms.

We shall use a crude argument to prove that the contribution of the remainder
terms on the right hand side of (4.17) to the integral (4.16) is < a?n. However,
the contribution of the first term on the right hand side of (4.17) to the integral
(4.16) is > a(n + 1), in view of Roth’s estimate (4.8). A sufficiently small fixed
positive value for o will therefore give (4.16).

Suppose first of all that j = 2,...,n + 1 is fixed and the pairs rq,...,r; € 7 are
distinct. Then in the notation of Lemma 4.1, for every s rectangle B, we have

< N272(51+52)74'

/ D) e, (x) .. fr, (%) dx
B

Note that this is a crude upper bound, since we do not care whether the s-rectangle
B contains any point of P or not. Summing over the 251752 s-rectangles B, we
deduce that

(4.18) D(x) fe, (X) ... fr, (x) dx| < N27517%274,

| [0,1]2

We may further assume without loss of generality that r; < ... < ry;, and write
h =r1; —r11. Then (4.18) becomes

D(x) fe, (%) ... fr; (x) dx| < No—nh=d,
[0,1]2
If we fix 711 = r and r1; = r + h, then there are precisely (?:21) choices for
712, -+, T1(j—1)- 1t then follows that
n—j+ln—r ho1
D(x)Fj(x)dx| < Y ZNQ—"—h—‘*(, )
(0,12 r=0 h=1 J=
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To complete the proof of Theorem 2.6, we now simply sum over all j =2,... , n+1
and obtain
n+1 n+ln—j+ln—r h—1
o’ D(x)F;(x)dx| < ad N~ nh—4
Sl [ PR <> > > (j_2>
Jj=2 ’ j=2 r=0 h=1

n—1n—r h+1 h—1 ) n—1ln—r
_ Z Z Z a2N2nh4< 2>aj2 <N Z Z a227n7h74(1 + a)h

r=0 h=1 j=2 J = r=0 h=1

oo h

1

< Nn2 " 4a? g ( —;a) < Nn27" 242 « o?n.
h=0

Suppose again that the integer n is defined by (4.2) as before. Haldsz can also
show that the auxiliary function
(4.19) Kx) = [ (+intfrmG) -1

r1,7220
r1+r2=n

can be used to establish the following result.
THEOREM 2.7 (Haldsz 1981). For every distribution P of N points in the unit
square [0,1]%, we have

/ |D[P; B(x)]| dx > (log N)2.
(0,12

Here the analogue of the inequalities (4.9) and (4.13) is the simple inequality

(4.20) g( sup K(x)|>/ |D(x)| dx.
x€[0,1]2 [0,1]2

D(x)K(x)dx
[0,1]2

It is easy to see that

1 3 (n+1)
|K(x)| < <1+n> +1

is bounded by an absolute positive constant. One now handles the left hand side of
(4.20) as in the earlier part of this section, although the details are a little different.

4.4. A Haar Wavelet Approach

Let ¢(x) denote the characteristic function of the interval [0, 1), so that

@=L Ho<e<,
Pl = 0, otherwise.

Let 9(x) = ¢(22) — (22 — 1) for every = € R, so that

1, fo<z<i,
Iz)=< -1, if 3 <z<1,
0, otherwise.

For every n,k € Z and = € R, write
Onk(x) = 237 p(2" 2 — k) and 9,k(z) = 2%"19(2"90 — k).

Note that for every n € Ny and k£ = 0,1,2,...,2" — 1, the function p(2"x — k)
denotes the characteristic function of the interval 277k, 27"(k + 1)) C [0,1). It
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is well known that an orthonormal basis for the space L?([0,1]) is given by the
collection of functions
Uni(z), neNpand k=0,1,2,...,2" — 1,

together with the function ¢(x). This is known as the wavelet basis for L2([0, 1]).
Let us now extend this to two dimensions. For every n = (n1,n2) and k = (k1, k2)
in Z? and every x = (z1,22) in R?, write
On k(%) = Uny ks (21) 0 1, (22)-
Then an orthonormal basis for L?([0,1]?) is given by the collection of functions
Onk(x), MeENZ kb =0,1,2,...,2" —1and ky =0,1,2,...,2" — 1,
together with the two collections of functions
@(x1)Vny ky(x2), m2 € Ngand ky =0,1,2,...,2™ —1,
Uny by (1)@(22), m1 € Ngand ky =0,1,2,...,2™ — 1,
and the function @(x1)p(x2). This is usually known as the rectangular wavelet
basis for L%(]0, 1]?).
We now give an alternative proof of Theorem 2.2 due to Pollington. First of all,

note that the discrepancy function D(x) = D[P; B(x)] can be written in the form
D(x) = Z(x) — Nx1x9, where

Z(x) = > Xo.wn) 00X (0,02 (P2) = D X(pr.1) (@1)X(pa,1) (T2).
PEP PEP

We now make use of the rectangular wavelet basis for L2([0,1]2).
For every n = (n1,n2) € N2 and every k = (ky, k2), where k; = 0,1,2,...,2"1 —1

and ko =0,1,2,...,2" — 1, consider the wavelet coefficients
nx = Nz129Onk(x)dx and by = / Z(x)Op k(x) dx.
[0,1]2 [0,1]2

It is easy to see that
1 1
nk =N (/ 10, (xl)dac1> (/ 90, ks (T2) dxg) .
0 0

Simple calculation gives
1 ) 27" (k+1) 1
/ 20 i (z) dz 25"/ 292" —k)de = ——.
0 2-nk 2n237(—4)

It follows that writing |n| = n; 4+ ng, we have
_ N
~ 9[n[+4935n[’

an k
On the other hand, we have

1 1
bnk = Z (/0 X(pr 1) (1) 00y ey (xl)dfﬁ) </0 X(p2,1)(x2)19n2,k2($2)d$2>

peP

=> (/pl ﬂm,kl(m)dxl) (/pl 19712,,@2(9:2)@2).

peP

Note that the only non-zero contributions to by x come from those p € By k, the
support of Op k. If p € Bk, then 27"k, < p; < 27" (k; + 1), or [2™p;] = k;, for
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both ¢ = 1, 2. Simple calculation now shows that if 27"k < p < 27"(k + 1), so that

2"p — k = {2"p}, then
1 ) 27" (k+1)
[ natoyas =2t [ I — k) da
14 p
2 23n

bn 1
Wy) dy = ——~[12"pl,
2n /{an} 2"
where for every 8 € R, {5} and ||5]| denote respectively the fractional part of S
and the distance of § to the nearest integer. It follows that

1
b= o 2 120 palll2pell
PEDBL

Combining the above, we then have the wavelet coefficients

1 N

D n dx = — 2m 2" pol| — =——
PO ax= s |3 1212l g
Note in particular that the functions O, k form a subcollection of the rectangular

basis for L2([0,1]?). It follows from Parseval’s identity that

/ ID(x)P? dx
[0,1)2
2

2" —12"2 -1

DI 3E1 S ol (D o - EDATE

k1=0 ko=0 pGBn,k

Cnk =
PEBn x

ni =0 no =0
To complete the proof, we now choose n so that 2N < 2" < 4N. Then for every
fixed n satisfying [n| = n, at least 2”71 of the rectangles By, x do not contain any

point of P, so that
3 2mplll22ps]| = 0.

peBn,k

It follows that

D 2d 2 72n—1
Jo P02 22 3 55 (g5
n1=Unax=

Inj=n

2
) >n+1>logN.



CHAPTER 5

Introduction to Upper Bounds

5.1. A Seemingly Trivial Argument

Let B denote a compact and convex set in the unit torus T2. For every real
number \ € [0, 1], every rotation @ € [0, 2] and every translation x € T2, let

B\ 0,x) ={0(\y)+x:y € B}

denote the similar copy of B obtained from B by a contraction by factor A about
the origin, followed by an anticlockwise rotation by angle 6 about the origin and
then by a translation by vector x. We denote by A(B) the collection of all similar
copies of B obtained this way.

We begin our discussion here by making an inadequate attempt to establish the
following variant of Theorem 3.4.

THEOREM 5.1. Let B denote a compact and convez set in T?. For every natural
number N > 2, there exists a distribution P of N points in T? such that

sup |D[P;A]| < N7 (logN)?.
A€A(B)

Such simple and perhaps naive attempts often play an important role in the study
of upper bounds. Remember that we need to find a good set of points, and we often
start by toying with some specific set of points which we hope will be good. Often
it is not, but sometimes it permits us to bring in some stronger techniques at a
later stage of the argument.

For simplicity, let us assume that the number of points is a perfect square, so
that N = M? for some natural number M. We may then choose to split the unit
torus T? in the natural way into a union of N = M? little squares of side length
M~!, and then place a point in the centre of each little square.

Suppose that A € A(B) is a similar copy of a given fixed compact and convex
set B. We now attempt to estimate the discrepancy D[P; A]. Let S denote the
collection of the N = M? little squares S of side length M ~!. The additive property

31
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of the discrepancy function then gives

(5.1) D[P; Al =) _D[P;Sn Al
ses
Next, we make the simple observation that

D[P;SNA=0 ifSCAorSNA=0.
The identity (5.1) then becomes

(5.2) D[P;A]= Y  D[P;Sn 4]

Ses
SNOAAD

where A denotes the boundary of A. Finally, observe that both 0 < Z[P; SNA] < 1
and 0 < Nu(SNA) <1, so that |D[P; SN A]| <1, and it follows from (5.2) and
the triangle inequality that

(5.3) ID[P;Al| < #{S€8:SN0A#0} < M = N7,

This estimate is almost trivial, but very far from the upper bound N i(log N )%
alluded to in Theorem 5.1.

We make an important observation here that the term #{S € S : SN oA # (}
in (5.3) is intricately related to the length of the boundary curve 9B of B; note
that the set A is a similar copy of the given compact and convex set B. Indeed, in
the general case of the problem in k-dimensional space, the corresponding term is
intricately related to the (k — 1)-dimensional volume of the boundary surface 0B
of B. It is worthwhile to record the important role played by boundary surface in
large discrepancy problems.

5.2. A Large Deviation Technique

Let us continue our study of Theorem 5.1.

For every little square S € S, instead of placing a point in the centre of the
square, we now associate a random point pg € S, uniformly distributed within the
little square S and independent of all the other random points in the other little
squares. We thus obtain a random point set

(5.4) P={ps:5 €S}
Suppose that a fixed compact and convex set B C T? is given. Let
11

G(B)={B(\,0,x): A€ [0,—], 0 €[0,27], x € T?}.

10
Note that the collection G(B) contains the collection A(B) and permits some similar

copies of B which are a little bigger than B. Then one can find a subset H(B) of
G(B) such that

#H(B) < N,

where C is a positive constant depending at most on B, and such that for every
A € A(B), there exist A=, AT € H(B) such that

(5.5) ATCACA" and pu(AT\A)< N L

We comment here that such a set H(B) may not exist if we make the restriction
H(B) C A(B) instead of the more generous restriction H(B) C G(B).



5.2. A LARGE DEVIATION TECHNIQUE 33

Suppose that A € H(B) is fixed. Then, analogous to the discrepancy function
(5.1), we now consider the discrepancy function

(5.6) D[P;A]=Y _D[P;SnAl= > D[P;SNA]
Ses SesS
SNOAHAD

and note as before that
(5.7) #{S€S:SNIA#D} < M =N>2.
For every S € S, let
1, if ps €A,
bs = { 0 " Ps

otherwise.

The observation

(5.8) DIP; A=Y (s —Eds) = Y. (¢s—Eps)
Ses Ses
SNOAFAD

sets us up to appeal to large deviation type inequalities in probability theory. For
instance, we can use the following result attributed to Hoeffding.

LEMMA 5.2. Suppose that ¢1, ..., dn are independent random variables such that
0< ¢ <1 foreveryi=1,...,m. Then for every real number ~v > 0, we have
Prob ( Z(@ —Ee)| = 7> < 2072 /m,
i=1

In view of (5.8), we now apply Lemma 5.2 with
m=#{Se€S:SNIA#D} < CN=,
where Cs is a positive constant depending at most on the given set B, and with
¥ =C3N%(log N)?,
where (5 is a sufficiently large positive constant. Indeed,
72 02
o> 23

= > ) log N,
and it follows therefore that
20/ < SN < S (HH(B))
provided that C5 is chosen sufficiently large in terms of C; and C5. Then
Prob (|D[P: A]| > O3N* (log N)¥) < %(#H(B))‘l,
and so
Prob <|D[75, Al = Cg,N%(log N)% for some A € H(B)) < %,
whence
Prob (\D[ﬁ;A]\ < O3Ni(log N)? for all A € ”H(B)) > %
In other words, there exists a set P* of N = M? points in T? such that

|D[P*; A]| < CgN%(logN)% for every A € H(B).
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Suppose now that A € A(B) is given. Then there exist A=, AT € H(B) such
that (5.5) is satisfied. It is not difficult to show that

[D[P*; Al < max {|D[P*; A7]|, [D[P*; AT][} + Nu(A*\ A7)
< C3Ni(log N)? + 1.
Theorem 5.1 in the special case when N = M? is therefore established.
Finally, we can easily lift the restriction that IV is a perfect square. By Lagrange’s
theorem, every positive integer IV can be written as a sum of the squares of four
non-negative integers. We can therefore superimpose up to four point distributions

in T2 where the number of points in each is a perfect square. This completes the
proof of Theorem 5.1.

5.3. An Averaging Argument

We now indicate how the argument in the previous section can be adapted to
establish Theorem 3.7.

We construct the random point set P, given by (5.4), as before. Suppose that
a fixed compact and convex set B C T? is given. Let A € A(B) be fixed. Then
(5.6)—(5.8) are valid. If we write ns = ¢s — E¢g, then

IDIP; AP = ) nsins,

S1,52€8

S1NOA#£D

SQF‘IBA#@
Taking expectation over all the N = M? random points, we have
(5.9) E(IDIP;AIR) = > E(ns,ns.).

S1,52€8

SINOAAD

S2NOAH£D
The random variables ng, where S € S, are independent since the distribution of
the random points are independent of each other. If S; # S5, then

E (77517782) =E (nS&) E (775'2) =0.

It follows that the only non-zero contributions to the sum (5.9) come from those
terms where S7 = So, so that

E(\D[ﬁ;A]\?) <H{SE€S:SNIA#D} <p N&.

Integrating over all A € A(B) and changing the order of integration, we obtain

E (/ |D[75;A]|2dA> <p Nz.
A(B)

It follows that there exists a set P* of N = M? points in T? such that
/ ID[P*; A]|?dA <p N2,
A(B)

establishing Theorem 3.7 in the special case when N = M?2.

We remark that the argument in this chapter can be extended in a reasonably
straightforward manner to arbitrary dimensions k > 2. Also the argument in this
section on Theorem 3.7 can be extended to L?-norms for all even positive integers g,
and hence all positive real numbers ¢, without too many complications.



CHAPTER 6

Fourier Transform Techniques

6.1. Introduction

Suppose that P is a distribution of N points in the unit torus T2. Let Z denote
the counting measure in T? of P, and let i denote the usual Lebesgue area mesaure
in T2.

For any set A C T?, let x4 denote the characteristic function of A, and consider
the convolution

F =xax(dZ — Ndy).

More precisely, for every x € T2, we have

(61) Fo0 = [ xalx=3)(4Z = N)(y).

For simplicity, let us assume that A is symmetric across the origin. Then
x—y€A ifandonlyif y—x€ A ifandonlyif ye€ A+ x,

where A + x denotes the translation of A by x. Then

(6.2) F(x) = / arx()(0Z ~ Ndg)(y) = DIP; A + %],

the discrepancy of P in the translated copy A + x of A.

Note that the characteristic function x4 gives the geometric input, and does not
depend on the point set P. On the other hand, the function Z — Npu gives the
measure-theoretic input, and does not depend on the set A. Thus we can say that
discrepancy under translation is a convolution of geometry and measure.

For lower bound problems, we do not have information on the point set P apart
from the number of points that it contains. To make any progress, we need to
concentrate on the geometric part, and therefore need to separate this from the
measure part.

Let L'(T?) denote the set of all measurable complex valued functions that are
absolutely integrable over T?, with Fourier transform fdeﬁned for every t € Z2 by

70 = [ Fx)e(~t-x)dx.
TZ

It is well known that for any two functions f,g € L'(T?), we have f x g € L'(T?)
and the Fourier transforms f and g satisfy

fxg=1rg.
Let L?(T?) denote the set of all measurable complex valued functions f that are
square integrable over T2. Then the Parseval theorem states that for every function
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f € LY(T?) N L?(T?), the Fourier transform f € ¢2(Z2) and satisfies
[P ax =3 (o).
T2 tez?

Write ¢ = Z/—FM, so that for every t € Z2, we have
06) = [ e(=t-x)(AZ - Nay) ).
Then
0(0) = [ (42 = Nay)) = 0.
and for every non-zero t € Z?, it is easy to see that

(6.3) o6) = [ e(=t-x)az(x)

and this is the Fourier transform of the point count measure Z. Furthermore, we
have

(6.4 [pPiasxtax= 30 Ra@PFlo)

0#te7?
6.2. A Lower Bound Argument

We shall illustrate our Fourier transform technique by establishing Theorem 3.6
in the special case when B is a square in T? of side length %
For every r € [0, 1] and 6 € [0, 27], let A(r, ) denote the square [—r,7]? rotated
anticlockwise about the origin by an angle 0. For every x € T2, let
A(r,0,x) = A(r,0) + x
denote the translation of A(r,#) by x.

THEOREM 6.1. Suppose that P is an arbitrary distribution of N points in the
unit torus T2. Then

27 % )
(6.5) // /|D[P;A(r,0,x)}|2drd0dx>>N§.
T2 JO 0

For every r € [0, 1] and 6 € [0,27], let x,¢ denote the characteristic function of
A(r,6). Then corresponding to (6.1) and (6.2), we have

DIPsA(8,%)] = [ xealox = ¥)(d4Z = Nap)).

Corresponding to (6.4), we therefore have

[ 1plPAG0xPix = S (R lo)
T2 i
We shall first of all establish some trivial discrepancies by exploiting the gaps
between integers.

LEMMA 6.2. Suppose that a set S C T? satisfies 0 < § < Nu(S) < 1—6 for some
0 >0. Then

/ IDIP; S + x][2 dx > 6°.
T2
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Note that Nu(S) is the expected number of points of P in S. The hypothesis of
Lemma 6.2 thus says that this expectation is bounded away from an integer.

PrROOF OF LEMMA 6.2. Either Z[P;S+x] =0 or Z[P;S+x]| > 1. Suppose first
of all that Z[P; S+ x| > 1. Then

DP;S+x]| > Z[P;S+x]+6—12>6Z[P; S +x],
and so
|D[P; S +x|| = 6Z[P; S + x].

Note that this last inequality remains valid if Z[P; S + x] = 0, and therefore holds
always. It then follows that

/\D[P;S+x]|2dx>§2/ Z2[7>;S+x]dX>52/ Z[P; S + x| dx
T2 T2

T2
= 52/ D Xsix(p)dx =62 / Xp-s(x)dx
T2 peP pPEP T2
=0*> up—S) =6"Nu(S) > ¢*
pPEP

as required. ()
We next study the function X ¢. Ideally, one would like an inequality of the type

Xro(t)[? r

RO v

Xso(B)]> 7~ s
but this makes use only of one rotated square with no extra rotation or contraction,
and is therefore too good to be true. Instead, we shall consider averages of the form

LI
=0 [ [ Reatt)? aoar
-

24

We have the following amplification result.
LEMMA 6.3. Suppose that 0 < p < q. Uniformly for all t € Z?, we have

wq(t) q
wp(t) > P

For every r € [0, 1], let x, denote the characteristic function of [-r, r]* = A(r,0).
Then it is not difficult to check that for every t = (¢1,t2) € Z?, we have

(6.6) Xr0(t) = Xr(t1 cos@ + tasinf, —t1 sin 6 + t2 cos §).
Furthermore, for every u = (u1, uz) € Z?, we have

(6.7) zmzémmw»mw:

Lemma 6.3 follows easily from the following result.

sin(27ru ) sin(27rus)

T2U1Us

LEMMA 6.4. Uniformly for all non-zero t € Z2, we have

. q
wy(t) < min {q4, |t|3} .
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ProOOF. We shall show that (6.6) holds uniformly for all non-zero t € R%. In
view of the integration over ¢ in the definition of wy(t), it suffices to show that
uniformly for all t = (t1,t5) € R? satisfying ¢; > 0 and 5 = 0, we have

wq(t1,0) < min {q4, q3} .
ty
Using (6.6) and (6.7), we have

1 (9 (57 sin®(27rty cos ) sin® (2wt sin 0
w(t1,0) = sin”(27mr 14cos 2) SII'l g mrty sin )dﬁdr.
qJiq) 1x t] cos? §sin” 0
Since —iﬂ' <0< iﬂ, we have sinf =< 0 and cosf =< 1, and so
(6.8) (t1,0) / /1 sin?(27rt; cosfj;n (27rty sin ) d0dr
1

e

dédr

We consider two cases. Let C' be a fixed constant satisfying 2/7% < C' < i.
Case 1. Suppose that t; < C/q. Then for all r and 6 satisfying %q <r<gq
and f%w <0< iw, we have 2mrt; < 27C < %7‘(, so sin(27rt; cos ) =< gt1 and
sin(27rty sin 6) < qt16. Hence
(qt1)?(qt10)? 4 foa

¢(t1,0) /; /_7 t402 dfdr < ¢* < min < ¢, .
Case 2. Suppose that t; > C/q. Then we write

1 1 1 1 U 1 1 U 1 1

— T, ST = | 5T, - ) y 7T

4 "4 4 2mqty 2mqty, " 2mqty 2wqty, " 4

as an essentially disjoint union. For the two intervals on the side, we have
sin?(2mrt; cos @) sin? (27t sin 0)

(6.9) g2
1/2mqt1 <0< 1

7T

</ dé 2 (2 ; 4) q
T]qiy — — | X 3.
h 1/2mqt 1 <|01< 3w tzlle t4 T t?

For the last inequalities in (6.9), the upper bound is obvious. For the lower bound,
note that

4 4 4 4 4

Suppose next that —1/2mqt; < 6 < 1/2mgty. Then sin(27rty sinf) < ¢t16 and

1 q
(6.10) - / sin?(2nrt; cos0) dr < 1.
q./1

24

For the inequalities (6.10), the upper bound is obvious. For the lower bound, note
that as r runs through the interval [%q, q], the quantity 27rt; cos § runs through an
interval of length gty cosf > 2w ~! cos y7. Combining (6.8)—(6.10), we conclude

that
1/2mqty 2
wq(t1,0) = tq3 —|—/ (t]—dﬁv 4 Amin{q4,t%}.
1/2mqt; 1 £}

This completes the proof. (O
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PROOF OF THEOREM 6.1. We now choose p = %N*% and g = %. Then for all r
and 6 satisfying %p <r<pand —iﬂ' <0< im we have u(A(r,0)) = 4r2, and so
%hg Nu(A(r,0)) < 3. It then follows from Lemma 6.2 with S = A(r,6) and § = 1
that

/ |D[P; A(r, 0,x)]|* dx > 1,
’]1‘2

and so

> wp®)o(t)? > 1.

0#t€Z?
We now amplify this discrepancy by using Lemma 6.3 and conclude that
1
D w®)t)] > Nz
0#£tez?
This in turn implies that

T

/ / / ID[P; A(r, 8, x)]|? dr df dx > N3,
T2 J—3nJ}

Bl

from which the desired inequality (6.5) follows easily. (O

6.3. An Upper Bound Argument

We next revisit our Fourier transform technique by studying Theorem 3.7 in the
special case when B is a square in T2 of side length % More precisely, we shall
establish a special case of the following result. Throughout, we retain our notation
in the last section.

THEOREM 6.5. For every natural number N, there exists a distribution P of N
points in T2 such that

27 % .
(6.11) // /|D[P;A(r,9,x)}|2drd9dx<<N§.
T JOo 0

In the special case when N = (2M + 1)? for some integer M, it is very tempting
to see whether the set

_ my ma . -
P—{(QM—i—l’ZM_'_l) :my,mg € { M,...,O,...,M}}

of N points satisfies the inequality (6.11). Since we have precise information of the
set P, this allows us to calculate ¢(t).
We know that ¢(0) = 0. For any non-zero t € Z?, it follows from (6.3) that

é(t) = > e(—t-p) = i € <_2§\14Wj:1> mﬁ;Me (_2;24”:?1> '

pEP mi=—M

It is easy to check that for every t € Z, we have

i _tm O\ [ 2M+1, ifte(2M +1)Z,
2 “\Tamv1) o if t ¢ (2M + 1)Z.
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Hence for every non-zero t € Z2, we have

o(t) = { (2M +1)%, ift1,t € (2M +1)Z,

(6.12) 0, otherwise.

On the other hand, we know that for every ¢ satisfying 0 < g < %, we have

/T"’/i /; D[P; A(r,0,x)]|* dr d§ dx = Z wq(6)]d(t)[2.

0#4teZ?

In view of symmetry, we see that to establish the inequality (6.11), it suffices to
show that

> wab)lo() < gN*.
0#te7?
Recall Lemma 6.4 and (6.12). We have

(2M +1)*
> wwlow)<g Y OE L, 5y BYED
04teZ? 0#4t€Z? 07£k€Z2 (2M +1)[K|

1
=q(2M +1) Z PR < qN?
0#£k€EZ?

as required.



CHAPTER 7

Upper Bounds in the Classical Problem

7.1. Diophantine Approximation and Davenport Reflection

We begin by making a fatally flawed attempt to establish® Theorem 2.10.

Again, for simplicity, let us assume that the number of points is a perfect square,
so that N = M? for some natural number M. We may then choose to split the
unit square [0,1]? in the natural way into a union of N = M? little squares of
sidelength M !, and then place a point in the centre of each little square. Let P
be the collection of these N = M? points.

Let & be the second coordinate of one of the points of P. Clearly, there are
precisely M points in P sharing this second coordinate. Consider the discrepancy

(7.1) DI[P; B(1,z2)]

of the rectangle B(1,z2) = [0,1) x [0, 22). As x5 increases from just less than £ to
just more than &, the value of (7.1) increases by M. It follows immediately that

1
IDPllee > 5M > N2

Let us make a digression to the work of Hardy and Littlewood on the distribution
of lattice points in a right angled triangle. Consider a large right angled triangle
T with two sides parallel to the coordinate axes. We are interested in the number
of points of the lattice Z? that lie in 7. For simplicity, the triangle T is placed so
that the horizontal side is precisely halfway between two neighbouring rows of Z?2
and the vertical side is precisely halfway between two neighbouring columns of Z2.

Note that the lattice Z2? has precisely one point per unit area, so we can think of
the area of T as the expected number of lattice points in 7. We therefore wish
to understand the difference between the number of lattice points in 7" and the
area of T, and this is the discrepancy of Z? in T. The careful placement of the
horizontal and vertical sides of T' means that the discrepancy comes solely from the
third side of T'. In the work of Hardy and Littlewood, it is shown that the size of
the discrepancy when T is large is intimately related to the arithmetic properties

11t was put to the author by a rather preposterous engineering colleague many years ago that
this could be achieved easily by a square lattice in the obvious way. Not quite the case, as an
obvious way would be far from so to this colleague.

41
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of the slope of this third side of 7. In particular, the discrepancy is essentially
smallest when this slope is a badly approximable number?.

Returning to our attempt to establish Theorem 2.10, perhaps our approach is
not quite fatally flawed as we have thought earlier, in view of our knowledge of the
work of Hardy and Littlewood. Suppose that a positive integer N > 2 is given.
The lattice

(7.2) (N™37)

contains precisely N points per unit area. Inspired by Hardy and Littlewood, we
now rotate (7.2) by an angle 6, chosen so that tan 6 is a badly approximable number.
Let us denote the resulting lattice by A. Then A N [0,1]? has roughly N points.
Deleting or adding a few points, we end up with a set P of precisely N points
in [0,1)2. Tt can then be shown that the inequality (2.12) is valid, establishing
Theorem 2.10.

Indeed, this approach has been known for some time, as Beck and Chen have
already used this idea earlier in an alternative proof of Theorem 2.11. In fact, the
original proof of Theorem 2.11 by Davenport makes essential use of diophantine
approximation and badly approximable numbers, but in a slightly different and
less obvious way. We now proceed to describe this.

Write U = [0, 1]?. For the sake of convenience, we shall assume that the intervals
are closed on the left and open on the right. We are also going to rescale U. Suppose
first of all that IV is a given even positive integer, with NV = 2M. We now rescale
U in the vertical direction by a factor M to obtain

V =[0,1) x [0, M).
Consider now the infinite lattice A; on R? generated by the two vectors
(1,0) and (6,1),

where the arithmetic properties of the non-zero number 6 will be described later.
It is not difficult to see that the set

Q1 =MnNV={{bn},n):n=0,1,2,...,M — 1}

contains precisely M points. We now wish to study the discrepancy properties of
the set Q; in V. For every aligned rectangle

B(.’L‘l,y) = [0,!1)1) X [07y) c ‘/7
we consider the discrepancy
(73) E[leB(xlay)] :#(leB(xhy))_xlyv

noting that the area of B(x1,y) is equal to 21y, and that there is an average of one
point of Q; per unit area in V. Suppose first of all that y is an integer satisfying
0 <y < M. Then we can write

E[Qu; B(z1,y)] = Y (#(0n —a1) — ¢(0n)),

o<n<y

2For those readers not familiar with the theory of diophantine approximation, just take any
quadratic irrational like V2 or v/3.



7.1. DIOPHANTINE APPROXIMATION AND DAVENPORT REFLECTION 43

for all but finitely many z; satisfying 0 < 21 < 1, where ¢(z) = z—[2] — 1 for every
z € R. If we relax the condition that y is an integer, then for every real number y
satisfying 0 < y < M, we have the approximation

E[Qi; B(xy,y)l = Y ((6n —z1) —(6n)) + O(1)
0<n<y
for all but finitely many x; satisfying 0 < 7 < 1. For simplicity, let us write
E[QuB(a1,y)l~ Y (¥(fn — 1) —v(0n)).
0<n<y

The sawtooth function (z) is periodic, so it is natural to use its Fourier series,
and we obtain the estimate

a0 BeBowl~ ¥ (P [ 3 eonm)

2wim
0#£meZ o<n<y

Ideally we would like to square the expression (7.4) and integrate with respect to
the variable x; over [0, 1]. Unfortutnately, the term 1 in the numerator on the right
hand side, arising from the assumption that the rectangles we consider are anchored
at the origin, proves to be more than a nuisance.

To overcome this problem, Davenport’s brilliant idea is to introduce a second
lattice Ay on R? generated by the two vectors

(1,0) and (-0,1).
It is not difficult to see that the set
Qy=MANV={{-6n},n):n=0,1,2,...,M — 1}
again contains precisely M points. Then the set
Q=0,UQy ={({xbn},n):n=0,1,2,....M — 1},

where the points are counted with multiplicity, contains precisely 2M points. Thus
analogous to the discrepancy (7.3), we now consider the discrepancy

F[Q; B(z1,y)] = #(Q N B(z1,9)) — 2019,

noting that there is now an average of two points of Q per unit area in V. The
analogue of the estimate (7.4) is now

Flo By~ Y (S LRI (5 gun)

2wim
0#mEZ o<n<y

Squaring this and integrating with respect to the variable x; over [0, 1], we have
2

(7.5) /O FIQ Bl )P der < S % S e(0nm)

o<n<y

To estimate the sum on the right hand side of (7.5), we need to make some
assumptions on the arithmetic properties of the number 6. We shall assume that
0 is a badly approximable number, so that there is a constant ¢ = ¢(#), depending
only on 6, such that the inequality

(7.6) m|mé| >c>0
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holds for every natural number m € N, where ||z|| denotes the distance of z to the
nearest integer.

LEMMA 7.1. Suppose that the real number 6 is badly approximable. Then
2

=1
(7.7) =1 D elonm)| <qlog(2y).
m:lm o<n<y

PRrROOF. It is well known that

S e(0nm)| < min{y, [mo]| "},

o<n<y

so that

52217,12 > e(bnm) <<Zz—2h > min{y? [[mo] 7}

0<n<y h=1 2h =1 m<2h
The condition (7.6) implies that if 2"~ < m < 2", then the inequality
[mo|| > 27"

holds. On the other hand, for any pair i, p € N, there are at most two values of m
satisfying 2" =1 < m < 2" and

pe2™" < Imb|| < (p+1)c27",

for otherwise the difference (m; — ma) of two of them would contradict (7.6). It
follows that

o0 o0
S <y Z Z min{2~2"y? p=?}

h=1p=1
o] (o]
= 30 Yminfz )+ 3 Y minf2 2R )
2h Ly p=1 2h >y p=1
D WD ol T S
2h Ly p=1 2h >y p>2hy—1

< Y14 ) 27y < log(2y)

2hy 2h>y

as required. ()

Combining (7.5) and (7.7) and then integrating with respect to the variable y
over [0, M], we have

M r1
/ |F[Q; B(w1,y)]” doy dy < M log(2M).
0 0

Rescaling in the vertical direction by a factor M ~!, we see that the set
P={({+0n},nM ) :n=0,1,2,...,.M — 1}
of N = 2M points in [0,1)? satisfies the conclusion of Theorem 2.11.

Finally, if N is a given odd number, then we can repeat the argument above with
2M = N + 1 points. Removing one of the points causes an error of at most 1.
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7.2. Roth’s Probabilistic Technique — A Preview

In this section, we describe an ingenious variation of Davenport’s argument by
Roth. This is a nice preview of his powerful probabilistic technique, which we shall
describe in Section 7.4, and which has been generalized in many different ways and
applied in many different situations by many other colleagues.

Let us return to the lattice A; on R? generated by the two vectors (1,0) and
(0,1). For any real number ¢t € R, we consider the translated lattice

t(l,O) + A= {t(LO) +v:veE A1}
In particular, we are interested in the set
Q:1(t) =((1,0)+ A )NV ={{t+6n},n):n=0,1,2,...,M — 1}

which clearly contains precisely M points. Thus analogous to the discrepancy (7.3),
we now consider the discrepancy

E[Q1(1); B(x1,y)] = #(Q1(t) N B(21,y)) — 21y,

noting that there is now an average of one point of Q1 (t) per unit area in V. The
analogue of the estimate (7.4) is now

BlO:(1): By~ 3 (16(’”"””> S c(onm) | cftm).

2mim
0#£mEZ o<n<y

Squaring this and integrating with respect to the new variable ¢ over [0, 1], we have
2

(7.8) / B[O (8); Bz, y \dt<<z | S eonm)

o<n<y

Furthermore, if 8 is a badly approximable number as in the last section, then
integrating (7.8) trivially with respect to the variable z; over [0, 1] and with respect
to the variable y over [O M], we have

M
/ / |E[Q1(t); B(x1,y)]|* do; dy dt <g M log(2M).

It follows that there exists t* € [0, 1] such that the set Q;(t*) satisfies

/ / |E[Q1(t*); B(x1,9)]|? doy dy <¢ M log(2M).

Rescaling in the vertical direction by a factor M ~!, we see that the set
Pty ={({t* +n},nM ') :n=0,1,2,...,M — 1}
of N = M points in [0,1)? satisfies the requirements of Theorem 2.11.

7.3. Van der Corput Point Sets

In this section, we begin our discussion of those point sets which have been
explored in great depth through our study of Theorems 2.10 and 2.11.

Our first step is to construct the simplest point sets which will allow us to estab-
lish Theorem 2.10.
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The construction is based on the famous van der Corput sequence cg, ¢y, Ca, - . .
defined as follows. For every non-negative integer n € Ny, we write

(e o]
(7.9) n=>y a;2""
j=1
as a dyadic expansion. Then we write
(7.10) =Y ;277
j=1
Note that ¢, € [0,1). Note also that only finitely many digits a1,as,as, ... are

non-zero, so that the sums in (7.9) and (7.10) have only finitely many non-zero
terms. For simplicity, we sometimes write

n=...azasa; and ¢, = 0.a1a2a3...
in terms of the digits a1, as,as, ... of n. The infinite set
(7.11) Q={(ch,n):n=0,1,2,...}

in [0,1) x [0,00) is known as the van der Corput point set.
The following is the most crucial property of the van der Corput point set.

LEMMA 7.2. For all non-negative integers s and £ such that £ < 2° holds, the set
{neNy:e, €[(27°,(0+1)27°)}
contains precisely all the elements of a residue class modulo 2° in Ny.
PROOF. There exist unique integers by, ba, b3, . .. such that £27° = 0.b1b2b3 . . . bs.
Clearly ¢,, = 0.aqasas3 ... € [£27% (£4+1)27) precisely when 0.a1a2a5 . ..as = £27%;

in other words, precisely when a; = b; for every j = 1,...,s. The value of a; for
any j > s is irrelevant. ()

We say that an interval of the form [£27%, (¢4 1)27°) C [0,1) for some integer
¢ is an elementary dyadic interval of length 27°. Hence Lemma 7.2 says that the
van der Corput sequence has very good distribution among such elementary dyadic
intervals for all non-negative integer values of s.

LEMMA 7.3. For all non-negative integers s, £ and m such that ¢ < 2° holds, the
rectangle
[027%, (0 +1)27%) x [m2®%, (m + 1)2°)
contains precisely one point of the van der Corput point set Q.

It is clear that there is an average of one point of the van der Corput point set
Q per unit area in [0,1) x [0,00). For any measurable set A in [0,1) x [0, 00), let
E[Q; Al = #(QN A) — u(A)

denote the discrepancy of Q in A.
Let ¢(2) = z — [2] — 5 for every z € R.

LEMMA 7.4. For all non-negative integers s and £ such that £ < 2° holds, there
exist real numbers oy, By, depending at most on s and £, such that |ag] < % and

(7.12) E[Q; 027, (¢ +1)27°) x [0,y)] = a0 — ¥(27*(y — Bo))
at all points of continuity of the right hand side.
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PROOF. In view of Lemma 7.2, the second coordinates of the points of Q in the
region [(27% (£ +1)27%) x [0,00) fall precisely into a residue class modulo 2°. Let
ng be the smallest of these second coordinates. Then 0 < ng < 2°. We now study

E[Q;[27°,(+1)27°) x [0,y)]
as a function of y. For simplicity, denote it by f(y), say. Clearly f(0) = E[Q; 0] = 0.
On the other hand, note that
u([£277, (£ +1)277) x [0,9)) =27y
increases with y at the rate 2% so that f(y) decreases with y at the rate 27%,

except when y coincides with the second coordinate of one of the points of the set
Q in the region [(27%, (£ 4 1)27%) x [0, 00), in which case f(y) jumps up by 1. The

first instance of this jump occurs when y = ng.

f()

Y

’rlL() no—i—28

With suitable a and Sy, the right hand side of (7.12) fits all the requirements. ()

We can now prove Theorem 2.10. Let N > 2 be a given integer. It follows
immediately from the definition of Q that the set

Qo =2n([0,1) x [0,N))
contains precisely N points. Let the integer h be determined uniquely by
(7.13) 2=l <« N g2t
Consider a rectangle of the form
B(z1,y) = [0,21) x [0,y) € [0,1) x [0, N).
Let xgo) =0. Forevery s =1,...,h, let xg ) = 27%[2%x1] denote the greatest integer

multiple of 27° not exceeding x;. Then we can write [0, 1) as a union of disjoint
intervals in the form

h
[Oaxl) U U (o= 1)5
s=1
It follows that
(7.14) E[Qo;[0,z1) x [0,y)] = E[Q;[0,21) x [0,y)]

h
= E[Q; [z{", 21) x [0,9)] + > E[Q; [z, 2{”) x [0,9)].

Clearly [a:gh),ml) x [0,y) C [xgh),xgh) +27") x [0,2"), and the latter rectangle has
area 1 and is of the type under discussion in Lemma 7.3, hence contains precisely
one point of Q. It follows that

#Q0 ([, 21) x [0,y)) <1 and (2", 1) x [0,9)) < 1,

and we have the bound
(7.15) B[Q; [28, 1) % [0,3)] < 1.
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On the other hand, for every s = 1,...,k, the rectangle
25", 21”) < [0,9)

either is empty, in which case we have F[Q; [xgsfl), xgs)) x [0,y)] = 0 trivially, or
is of the type under discussion in Lemma 7.4, and we have the bound

(7.16) [BIQ: [y, af) x 0. )] < 1.

Note that (7.16) still holds in the empty case. Combining (7.13)—(7.16), we arrive
at an upper bound

(7.17) |E[Qo;[0,21) x [0,y)]| <14+ h < log N.

For comparison later in Section 7.6, let us summarize what we have done. We
are approximating the interval [0,21) by a subinterval [O,xgh)), and consequently
approximating the rectangle B(z1,y) by a smaller rectangle B(xgh),y). Then we

show that the difference B(z1,y) \ B(xgh), y) is contained in one of the rectangles
under discussion in Lemma 7.3, and inequality (7.15) is the observation that

|E[Q; B(x1,)] — E[Q; B(z{",y]| < 1.

To estimate E|[Q; B(alcgh)7 y)], we note that the interval [0, .Z‘§h)) is a union of at most
h disjoint elementary dyadic intervals. More precisely, if we write

h
xgh) = Z bs27°
s=1

(h))

as a dyadic expansion, then [0,z;"’) can be written as a union of

elementary dyadic intervals, namely b; elementary dyadic intervals of length 271,
together with by elementary dyadic intervals of length 272, and so on. It follows
that B(mgh), y) is a disjoint union of at most h rectangles discussed in Lemma 7.4,
each of which satisfies inequality (7.16).

Finally, rescaling the second coordinate of the points of Qg by a factor N1, we
obtain a set

(7.18) P={(ch,N"'n):n=0,1,2,...,N — 1}
of precisely N points in [0,1)2. For every x = (z1,22) € [0, 1], we have
D[P; B(x)] = E[Qo;[0,21) x [0, Nz2)] < log N,

in view of (7.17) and noting that 0 < Nxo < N. This now completes the proof of
Theorem 2.10.

7.4. Roth’s Probabilistic Technique

We now attempt to extend the ideas in the last section to obtain a proof of
Theorem 2.11.
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Let us first of all consider the special case when N = 2", Then the set (7.18)
used to establish Theorem 2.10 becomes
(7.19) P2") ={(cn,27"n) :n=0,1,2,...,2" — 1}
= {(0.a1az2a3 ...ap,0.ap ...asaz2a1) : a1,...,a, € {0,1}},

in terms of binary digits. We have the following unhelpful result® of Halton and
Zaremba.

THEOREM 7.5. For every positive integer h, we have

(7.20) /[0 . |D[P(2"); B(x)]|? dx = 27%h% + O(h).

Clearly the order of magnitude is (log V)2, and not log N as we would have liked.
Hence any unmodified van der Corput point set is not sufficient to establish our
desired result. To understand the problem, we return to our discussion in the last
section. Assume that N = 2". Consider a rectangle of the form

B(‘Tlvy) = [Oaxl) X [Ovy) - [Oa 1) X [072]1)
For simplicity, let us assume that z; is an integer multiple of 27", so that z; = xgh)
and (7.14) simplifies to

DIP; B(w1,27"y)] = B[Qu:[0.21) x [0,9)] = Y E[Q[at™,21”) x [0.9)],
s=1
where the * in the summation sign denotes that the sum includes only those terms
where xis_l) # acgs). Note that when x(ls_l) # x&s), we have

[0 ) = 27, (0 +1)27%)

for some integer ¢, so it follows from Lemma 7.4 that

h
(7.21) D[P; By, 27 "y)] = Y (s = ¥(27°(y = Ba)),
s=1
where, for each s = 1,...,h, the real numbers oy and f; satisfy |as| < % If we

square the expression (7.21), then the right hand side becomes

h h
SN = @ (g Bo))) (@ — (2 (y — By))-

s'=1 s"=1

Expanding the summand, this gives rise eventually to a constant term

h  h
* *
Z Z QgrQlgrr
s'=1 s'"=1
which ultimately leads to the term 276h2 in (7.20).

Note that this constant term arises from our assumption that all the aligned
rectangles under consideration are anchored at the origin, and recall that Roth’s
attempt to overcome this handicap, discussed in Section 7.2, involves the introduc-
tion of a translation variable ¢. So let us attempt to describe Roth’s incorporation
of this idea of a translation variable into the argument here.

31n their paper, Halton and Zaremba have an exact expression for the integral under study.
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To pave the way for a smooth introduction of a probabilistic variable, we shall
modify the van der Corput point set somewhat. Let NV > 2 be a given integer, and
let the integer h be determined uniquely by

(7.22) M=t < N g 2h,

For every n = 0,1,2,...,2" — 1, we define ¢, as before by (7.9) and (7.10). We
then extend the definition of ¢, to all other integers using periodicity by writing

Cpyon = C, for every n € Z,
and consider the extended van der Corput point set
O ={(cn,n) :n €Z}.

Furthermore, for every real number ¢ € R, we consider the translated van der
Corput point set

On(t) ={(cp,n+1t):ne’Z}

It is clear that there is an average of one point of the translated van der Corput
point set Qp(t) per unit area in [0,1) X (—0o0,00). For any measurable set A in
[0,1) X (—00,00), we now let

E[Qn(t); Al = #(Qn(t) N A) — u(A)
denote the discrepancy of Qp(t) in A.
Consider a rectangle of the form
B(z1,y) = [0,21) x [0,3) € [0,1) x [0, N).

As before, let xgo) = 0. For every s = 1,...,h, let wgs) = 27°[2%24] denote the
greatest integer multiple of 27° not exceeding x;. Then, analogous to (7.15), we
have the trivial bound

(7.23) |BIQw(1); [, 21) x [0,9)]] < 1,

so we shall henceforth assume that z; = xgh)7 so that

h
(7.24) E[Qu(t): Blzy,y)) = Y E[Qu(t): [\, 2{) x 0,9)).

Corresponding to Lemma 7.4, we can establish the following result without too
much difficulty.

LEMMA 7.6. For all positive real numbers y and all non-negative integers s and
¢ such that s < h and £ < 2° hold, there exist real numbers By and g, depending
at most on s, £ and vy, such that

E[Qn(t); [€27°, (€ +1)277) x [0,)] = (27 (t = Bo)) — (277 (¢ — 7))
at all points of continuity of the right hand side.
Combining (7.24) and Lemma 7.6, we have

(7.25) E[Qu(t); Blzyy)l = Y ((275(t = B,) = $(27°(t — 7))

s=1
for some real numbers S5 and v, depending at most on x; and y. We shall square
this expression and integrate with respect to the translation variable t over the
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interval [0,2"), an interval of length equal to the period of the set Qy(t). We
therefore need to study integrals of the form

2h

Y7 (= B2 (t = Bo)) dt,
or when either or both of 8y and B4~ are replaced by v, and 4~ respectively.

LEMMA 7.7. Suppose that the integers s’ and s” satisfy 0 < s',s" < h, and that
the real numbers By and By are fived. Then

2)1
27 (= B )P (27 (t = Byr)) dt = O2" 15 =<7]).
0
PROOF. The result is obvious if s’ = s”. Without loss of generality, let us assume
that s’ > s”. For every a =0,1,2,...,2 %" — 1, in view of periodicity, we have
2’:.

(27 (t = By )27 (t — Bor)) dt

2h
= [ (@t +a2” = B (t+ a2 — Bor)) dt
0
2h

= [ @ (t+a2 — B (t - Byr)) dt,

0
with the last equality arising from the observation that

(2 (t+ a2 = Bor)) = dla+27"(t = Byr)) = (27" (¢ - Byr)).
It follows that

0

2h
2s' =" i Y27 (t = B ))p(27 (t — Bar)) dt
2¢' =" 1 on ) B .
> / V(27 (t+ a2 — B ))p(27 (t — Ber)) dt

a=0 0

25175//_1

2h
/0 S e (a2 = B) | v (t - Bor))dt.
a=0

It is not difficult to see that
25/7811 1

Soop@ T+ a2 - Ba)) = (2 (t - Bu))
a=0

at all points of continuity.
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We therefore conclude that
2h

(27 (t = B )27 (t — Byr)) dt

23/ _g"
0
2h

= [ 9@ (¢t B2 (¢~ Bor)) dt = O(2"),

0
and the desired result follows immediately. O

It now follows from (7.25) and Lemma 7.7 that

2h h * h * ’ 1"
(7.26) / |B[Qu(t); Blan,y)]Pdt < 3 > 7 2"l 2,
0

s'=1 s'"=1

noting that the diagonal terms contribute O(2"h), and the contribution from the
off-diagonal terms decays geometrically.

Note that the estimate (7.26) is independent of the choice of z; and y. We also
recall the trivial estimate (7.23). It follows that integrating (7.26) trivially with
respect to 2 over the interval [0, 1) and with respect to y over the interval [0, N),
we conclude that

/ : / 1 / " B0 (0): Blor, ] i dy

2h N 1
- / </ / |E[Qn(®); B(x1,9)]|* dzy dy) dt < 2"hN.
0 0 0

Hence there exists t* € [0,2") such that

(7.27) / / |E[Qn(#%): B(z1, )] dey dy < AN,

Finally, we note that the set Q(t*)N([0,1) x [0, N)) contains precisely N points.
Rescaling in the vertical direction by a factor N1, we observe that the set

P* = {(21, N"'29) : (21,22) € Qn(t*)}

contains precisely N points in [0,1)2, and the estimate (7.27) now translates to
|10 B ax < b < log N,
[0,1]2

in view of (7.22). This completes the proof of Theorem 2.11.
We conclude this section by trying to obtain a different interpretation of the
effect of the translation variable ¢. Consider a typical term

E[Qn(t); [z, 2{) x [0,)]

in the sum (7.24). If xgs_l) #* a:gs), then :rgs) cannot be an integer multiple of
2=(=1) and therefore must be an odd integer multiple of 2%, and so

2D 2y = e2—s (e +1)27%) {52—“—1), (g + 1) 2—<S—1>)

for some even integer £. One can then show that

BIQn(2°7); (0275, (£ +1)27%) x [0,9)] = E[Qn; [(£ +1)27°, (£ +2)27°) x [0,y)].
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This means that instead of translating vertically, as on the left hand side above,
one may shift horizontally, as on the right hand side above. Another way to see this
is to note from Lemma 7.2 that the interval [£27% (£ + 1)27°) is associated with
a residue class R; modulo 2%, whereas the interval [£27% (£ + 2)27%) is associated
with a residue class Rs_1 modulo 2571, so the interval [(£+1)27%, (¢4 2)27%) must
be associated with the residue class Rs_1 \ Rs modulo 2°. But then Rs_; \ R; is
clearly R, translated by 2571

7.5. Digit Shifts

In this section, we shall attempt to replace the vertical translation studied in the
last section by horizontal shifts, as pioneered by Chen.
Let N > 2 be a given integer, and let the integer h be determined uniquely by

(7.28) 2=l <« N g 2"

For every n = 0,1,2,...,2" — 1, we define ¢, as before by (7.9) and (7.10). As
we are not translating vertically, there is no need? to extend the definition of ¢, to
other integers as in the last section, and we consider the set®

Qn ={(cn,n) :n=0,1,2,...,2" — 1}
= {(0.a1a20a3 . ..ap,ap . ..azazay) : ai,...,ap € {0,1}},
in terms of binary digits. Furthermore, for every t = (t1,...,t;) € Z%, where
Zy = {0, 1}, write
¢ =0.(a1 ®t1)(az D ta)(as Bts)...(an Btp) if ¢pn =0.a1a0as...ap

in binary notation, where @ denotes addition modulo 2, and consider the shifted
van der Corput point set

QW = {(¢® n):n=0,1,2,...,2" —1},
obtained from Q; by a digit shift t.

It is clear that there is an average of one point of the shifted van der Corput point
set QE:) per unit area in [0,1) x [0,2"). For any measurable set A in [0,1) x [0,2"),
we study the discrepancy function

E[Q): A = #(Q}) N 4) — u(4).

Consider a rectangle of the form

B(‘Tlay) = [0,1}1) X [an) - [Oa 1) X [O7N)
Analogous to (7.23), we have the trivial bound
(7.20) B1Qy; [ a1) x [0.9) < L,

so we shall henceforth assume that xz; = xg Y so that

(7.30) E[QYY; B(z1,)] Z E[QY; [« 1) x [0,9)].

4This is not the case if we wish to study higher dimensional analogues of Theorem 2.11.

5Note that the set Qp, here is different from that in the last section. However, since we are
working with rectangles inside [0, 1) x [0, 2"), our statements here concerning Qj, remain valid for
the set Qp, defined in the last section.
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We now square this expression and sum it over all digit shifts t € Z%. For simplicity
and convenience, let us omit reference to Qp and y, and write

BQY: 2t af7) x [0,9)] = Bultr, -, ta].
Then we need to study sums of the form

Z Es/[tla v 7th]ES" [tla v 7th]'
tezh

Analogous to Lemma 7.7, we have the following estimate.

LEMMA 7.8. Suppose that the real numbery € [0, N) is fized, and that the integers
s" and s satisfy 0 < §', 8" < h. Then

(7.31) S Bultry o tlBarlts, . ] = 0201 =",
tezh
PRrROOF. First of all, for fixed ty,...,ts, the value of Fg[tq,...,ty] remains the
same for every choice of tsy1,...,tx, as these latter variables only shift the digits

of ¢, after the s-th digit, and so
clhtsstortsentn) ¢ [x(ls_l),x(ls)) if and only if c,(fl""’tS’O""’O) € [x(ls_l),:cgs)).

(s'=1) (s (s"-1) _ mf”)

Next, the case when 2] =x; 'oraz is also trivial, as the summand

is clearly equal to zero, so we shall assume that a?(lslfl) # xgsl) and xf”’” # x§s").
Now the case when s’ = s” is easy, since we have E[t1,. .. ,th;xgs_l),azgs)] =0(1)
trivially. Without loss of generality, let us assume that s’ > s”. For fixed t1, ..., ts,
in view of the comment at the beginning of the proof, we have

> Eolti,....talEwlty,. ..t

t511+1,...,th€Zg

:2}175/ Z ES/[tlw"?tS'vOa"'?O} ES”[th'"7t3”’0""’0]'

ts//+1,“‘,tS/EZ2
We shall show that
(7.32) > Eglti,...,ts,0,...,0]

torry1seenstsr EZso

(tl,...,tsu,ts// ,....,ts/,O.,...,O) s'—1 s’
- Y E, " ot ™ 21) % [0,9)]

tarry1snstyr EZso

_ E[ngtl,‘..,tsu,o,..‘,o); [g 275”’ (£ + 1)273”) « [an)L
where £ is an integer and [x&sl*l),xgs,)) cle2=",(t+1)27%"). Then

> Byttt Bty ] = 02",
ts”+1 ..... thE€Zo
from which it follows that

Z Eglty, ... thEgr[ty, ... ty] = 02"+,

t1,...,thEZL>
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giving the desired result. To establish (7.32), simply note that for fixed t1,...,ts,
if a point

t ,...,tQ//,O,..‘,O (S/_l) (S/)
clfrt )€ [z; 2y ),

’ 1"
S —S

then each distinct choice of tg41,...,ts will shift this point into one of the 2
distinct intervals of length 275" that make up the interval [(27", (£4+1)2"). O

It now follows from (7.30) and Lemma 7.8 that

(7.33) ST IEQY Blay, )P < Z Z oh=ls"=s"l « ohp,

tezh s'=1 s'=1

noting that the diagonal terms contribute O(2"h), and the contribution from the
off-diagonal terms decays geometrically.

Note that the estimate (7.33) is independent of the choice of z; and y. We also
recall the trivial estimate (7.29). It follows that integrating (7.33) trivially with
respect to z; over the interval [0,1) and with respect to y over the interval [0, N),
we conclude that

/ / S IEIQY; Bla,y)? do dy

tezh

= Z/ / |E[QY; B(21,)]? day dy < 2"hN.

tezh

Hence there exists t* € Zh such that

(7.34) / / B[O B(a1, y)]|? day dy < hN.

Finally, we note that the set QE: )N ([0,1) x [0, N)) contains precisely N points.
Rescaling in the vertical direction by a factor N1, we observe that the set

P* ={(21, N '2) : (21,22) € Qgt*)}

contains precisely N points in [0,1)2, and the estimate (7.34) now translates to
/ |D[P*; B(x)]|*dx < h < log N,
[0,1)?
in view of (7.28). This completes the proof of Theorem 2.11.

7.6. Generalizations of van der Corput Point Sets

In our discussion of the van der Corput sequence and van der Corput point
sets in Sections 7.3 and 7.4, we have restricted our discussion to dimension 2.
Indeed, historically, the van der Corput sequence is constructed dyadically, and
offers no generalization to the multi-dimensional case without going beyond dyadic
constructions, except for one instance which we shall describe later in this section.

To study the generalizations of Theorems 2.10 and 2.11 to higher dimensions,
one way is to generalize the van der Corput sequence. Here we know two ways of
doing so, one by Halton and the other by Faure. The Halton construction enables
Halton to establish Theorem 2.15 and forms the basis for the proof of Theorem 2.14
in the case ¢ = 2 by Roth and in general by Chen. The Faure construction enables
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Faure to give an alternative proof of Theorem 2.15, enables Chen soon afterwards
to give an alternative proof of Theorem 2.14 and, more recently, forms the basis
for the explicit construction proof of Theorem 2.14 in the case ¢ = 2 by Chen and
Skriganov and in general by Skriganov.

The generalizations by Halton and by Faure both require the very natural p-adic
generalization of the van der Corput construction. The difference is that while
Halton uses many different primes p, Faure uses only one such prime p but chosen
to be sufficiently large.

7.6.1. Halton Point Sets. We first discuss Halton’s contribution. Recall
the dyadic construction (7.9) and (7.10) of the classical van der Corput sequence.
Suppose now that we wish to study the higher dimensional analogues of Theorem
2.10 or 2.11. Let p;, where i = 1,..., K — 1, denote the first K — 1 primes, with

p1 < ... < pg-_1. For every non-negative integer n € Ny and everyt=1,..., K —1,
we write
o0
N
(7.35) n= Z a;-l)pg
j=1
as a p;-adic expansion. Then we write
e . .
(7.36) D=3 "al"p
j=1
Finally we write
Cp = (M), ... D),
Note that ¢, € [0,1)X~1. The infinite sequence cg, ¢, ca, ... is usually called a
Halton sequence, and the infinite set
(7.37) H={(cn,n):n=0,1,2,...}

in [0,1)X~! x [0, 00) is usually called a Halton point set.
Corresponding to Lemma 7.2, we have the following multi-dimensional version.

LEMMA 7.9. For all non-negative integers si,...,8x—1 and f1,...,lx_1 such
that £; < p;* holds for everyi=1,..., K —1, the set

K-1
{HGF%IC"E IIVui“,@i+1n§“>}
i=1

contains precisely all the elements of a residue class modulo p3* ...pjf__ll in Np.

PRrROOF. For fixed : = 1,..., K — 1, the p;-adic version of Lemma 7.2 says that
the set

{neNo: el € [lip; ™, (6 + ™)}

i
contains precisely all the elements of a residue class modulo p;* in Ng. The result
now follows from the Chinese remainder theorem. ()

We say that a rectangular box of the form
K-1
IT 1o, (6 + 1)p;) € [0, 1)%!

i=1
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for some integers ¢1,...,0k_1 is an elementary (pi,...,px—1)-adic box of volume
Pt PR Kl '. Hence Lemma 7.9 says that the given Halton sequence has very
good dlstrlbutlon among such elementary (pi,...,px—_1)-adic boxes for all non-
negative integer values of s1,...,5K_1.
LEMMA 7.10. For all non-negative integers si,...,8x—1, {1,...,€x_1 and m

such that €; < pi* holds for every i =1,...,K — 1, the rectangular box

K-1

H[&pl (i +1)p Hp (m+1) Hp)

i=1

contains precisely one point of the Halton point set H.

Clearly there is an average of one point of the Halton point set H per unit volume
in [0,1)%~1 x [0,00). For any measurable set A in [0,1)%~! x [0, 00), let

E[H; Al = #(H N A) — u(A)

denote the discrepancy of H in A.
We have the following generalization of Lemma 7.4.

LEMMA 7.11. For all non-negative integers si,...,Sx—1 and €1,...,Lx_1 such
that ¢; < pi* holds for every i = 1,...,K — 1, there exist real numbers oy, B,
depending at most on s1,...,sg—1 and {1, ..., lx_1, such that |ag| < § and

(7.38) E |#H; H (697, (G + 1)y ™) x [0,9) | = a0 —v(pr ™ -0 (y — Bo))

at all points of continuity of the right hand side.

We can now prove Theorem 2.15. Let N > 2 be a given integer. It follows at
once from the definition of H that the set

Ho =H N ([0,1)57 x [0,N))
contains precisely N points. Let the integer h be determined uniquely by
(7.39) Pt < N <pf
Consider a rectangular box of the form
B(z1,...,xx_1,y) = [0,21) x ... x [0,2x_1) x [0,) C [0,1)K~1 x [0, N).
Similar to our technique in Section 7.3, we shall approximate each interval [0, z;),

where ¢ = 1,..., K — 1, by the subinterval [O,xz(»h)), where :cgh) = p; "[pha;] is the

greatest integer multiple of p; " not exceeding z;, and then consider the smaller
rectangular box

B\™, .2y =102y x .. x 0,20 ) x [0,9)

as an approximation of B(z1,...,zx_1,y). A slight elaboration of the correspond-
ing argument in Section 7.3 will show that the difference

B(xlw"amK—lv )\B( (h) 1‘1&?) 17y)

is contained in a union of at most K — 1 sets of the type discussed in Lemma 7.10,
and so

(7.40)  |B[H; B(ay,...,wx-1,y)] — B[H; B, il )] <K -1
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note that since y < N, it makes no difference whether we write H or Hg in our
argument.

It remains to estimate E[?—[;B(:cgh)7 ... ,x(lgll,y)]. To do so, we need to write
each interval [O,xv(;h)), where ¢ = 1,...,h — 1, as a union of elementary p;-adic
intervals, each of length p; ® for some integer s satisfying 0 < s < h.

If ml(.h) =1, then [0, a:gh)) is a union of precisely one elementary p;-adic interval

of unit length, so we now assume that 0 < xl(-h) <1.

(h)

i
h
Jfgh) _ Z bépl_é
s=1

as a p;-adic expansion. Then [O,mgh)) can be written as a union of

LEMMA 7.12. Suppose that 0 < z;"’ < 1, with

h

> by < hp;
s=1

elementary p;-adic intervals, namely by elementary p;-adic intervals of length pi_l,
together with bs elementary p;-adic intervals of length pi_Q, and so on.

It follows that the set B(xgh)7...,x%11,y) is a disjoint union of fewer than
hE=1p, .. .pr_1 sets of the type discussed in Lemma 7.11. Hence
(741) (BB, el )l < By pr oy <k (log N)KL,
Combining (7.40) and (7.41), we conclude that
(7.42) |E[H; B(x1,...,vx-1,y)]| <k (log N)X¥~L.

Finally, rescaling the second coordinate of the points of Hg by a factor N~1, we
obtain a set

P={(c,, N 'n):n=0,1,2,...,N — 1}
of precisely N points in [0, 1)%. For every x = (1, ...,2x) € [0,1]¥, we have
D[P; B(x)] = E[Ho;[0,21) X ... x [0,x5_1) x [0, Nzg)] <x (log N)E=1,

in view of (7.42) and noting that 0 < Nz < N. This now completes the proof of
Theorem 2.15.

Next we discuss Roth’s ideas in shaping this Halton construction to give a proof
of Theorem 2.14 in the case ¢ = 2. As in the proof of Theorem 2.11, one needs to
introduce a probabilistic variable. To pave the way for this, we shall modify the
Halton point set somewhat. Let NV > 2 be a given integer, and let the integer h be
determined uniquely by

(7.43) Pt < N <pl,

as before. For every i = 1,...,K — 1 and every n = 0,1,2,...,p" — 1, we define
) as before by (7.35) and (7.36). We then extend the definition of et to all other
integers using periodicity by writing

(@)

Craph = ¥ for every n € Z,
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, and consider the extended Halton point set

Hp, = {(cpn,n) :n € Z}.

write ¢,, = (07(11), ce C%K_l))

REMARK. In the original proofs of Roth and Chen, the construction of the set
Hp, is slightly different, but the difference does not affect the argument in any way.
Let M = p; ...px—1. One then defines ¢!/ for n = 0,1,2, ..., M" —1 by (7.35) and
(7.36), write ¢, = (csll), . ,C%K_l)) for these values of n, and define c,, for all other
integer values of n by the periodicity relationship c,,; y;» = ¢, for every n € Z.

Furthermore, for every real number ¢ € R, we consider the translated Halton
point set

Hip(t) = {(cn,n+1t) :n € Z}.

It is clear that there is an average of one point of the translated Halton point
set Hp(t) per unit volume in [0,1)%~! x (—o0,00). For any measurable set A in
[0, 1)K~ x (—00,0), we now let

E[Ma(t); A] = #(Ha(t) 0 A) — ()

denote the discrepancy of Hy(t) in A.
Consider a rectangular box of the form

B(zy,...,xx_1,y) = [0,21) X ... x [0,zx_1) x [0,y) € [0,1)5~1 x [0, N).
As in the earlier proof of Theorem 2.15, we shall consider the smaller rectangular
box B(x(lh)7 . ,a:g?)_l, y) and, corresponding to (7.40), we have

(7.44)  |E[HMn(t); B(x1, ..., 2x-1,9)] — E[H; B, ..., 2% 9] < K —1.

Next, we study E[Hp(t); B(xY"), e ,53%),1, y)] in detail, and require an analogue of
the expansion (7.24). It is not difficult to see that

Er;BE™, e =3 Y B Ix [0,y)],
e, I 1€k 1

where I = I7 X ... X Ix_1 and where, for every i = 1,..., K — 1, Z; denotes the
collection of elementary p;-adic intervals in the union that makes up the interval

0,2™) in Lemma 7.12.

i

Corresponding to Lemma 7.6, one can show that each summand
E[Hn(t);1x [0,y)]
can be written in the form

YT T (= B) — (T T (= ),

where the real numbers fr and 1 depend at most on I and y, and where, for every
i=1,...,K —1, the elementary p;-adic interval I; has length p; *. Making use of
this, one can then proceed to show, corresponding to Lemma 7.7, that

Mh

K—1
E[Hu (6T x [0,9)| E[HA(1): 1" x [0,)]dt = O (Mh I1» '3”?'>
0 i=1
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forany I’ = I1x...xIj_; and I"” = I'x...xI}_, where, foreveryi=1,..., K—1,

the elementary pi-adic intervals I}, I/ € T; have lengths p; ** and p; > respectively.
One then goes on to show that

Mh
/0 B B, .2y at

<> D > Y Mthzs‘s

I1el, It €Ik 1 1€y I €Tk
K-1
<x M"RETL

Taking the bound (7.44) into account and integrating trivially with respect to
Z1,...,Zx—1, each over the interval [0,1), and with respect to y over the inter-
val O N , we conclude that

/ / //Mh EHu(t); B(z1, ..., ox-1,y)]|* dtdzr ... dex 1 dy
:/0 (/0 /0 /0 |E[Hh(t);B(fU1a-~-7$Khy)]|2dx1...de1dy> dt

< MP"RE-IN.

Hence there exists t* € [0, M") such that

(7.45) / / / |E[Hp(t*); B(x1, ..., v _1,y)][*d2; ... deg 1 dy
<LK RE-IN.

Finally, we note that the set H(t*) N ([0,1)X~! x [0, N)) contains precisely N
points. Rescaling in the vertical direction by a factor N~!, we observe that the set

={(z1, 2, N 2k) 5 (2, 2) € Ha()}

contains precisely N points in [0,1)¥, and the estimate (7.45) now translates to
/ ID[P*; Bx)]? dx < hE~! <5 (log N)<1,
[0,1]%

in view of (7.43). This completes our brief sketch of the proof of Theorem 2.14 in
the case g = 2.

7.6.2. Faure Point Sets. We now discuss Faure’s contribution. Suppose
again that we wish to study the higher dimensional analogues of Theorem 2.10
or 2.11. Let p denote a prime such that p > K — 1, a condition that cannot be
relaxed. For every non-negative integer n € Ny, we write

(7.46) n= Z ag-l)pj_1
=

as a p-adic expansion. Then we write

(7.47) =3 a{Vp
j=1
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Fori=2,..., K — 1, we shall write

(7.48) W) = Zay)p_j,
j=1
where the coefficients ay) are defined inductively using the infinite upper triangular
matrix
o) @ © @
W 6 0
(7.49) B= 3 ()
()

made up of binomial coefficients.
It is convenient to use matrix multiplication modulo p to define the coefficients

ag.i) when ¢ > 1. For every ¢ = 1,..., K — 1, consider the infinite column matrix

-G 7

Then for every i = 2,..., K — 1, we write
al) = Bal" Y mod ;

in other words, we write

[ agi) | I (8) (é) (g) (g) 1T agi_l) |
o G & O ||
agl) = (3) (g) a;(),iil) mod p.
af () af ™"

For every n € Ny, write

c, = (cgll), .. .,cﬁlK*l)).

The set
F={(cp,n):n=0,1,2,...}

in [0,1)%~! x [0, 00) is usually called a Faure point set.
Analogous to Lemma 7.10, we have the following result.
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LEMMA 7.13. For all non-negative integers Si,...,Sx—1, ¢1,...,¢x—1 and m
such that {; < p®* holds for every i =1,..., K — 1, the rectangular box

K-1
H [gi po, (gi + 1)p_5i) > [mpsﬁ-.---i-5K47 (m + 1)p51+'“+‘9’<*1)
i=1

(7.50)

contains precisely one point of the Faure point set F.
To prove Lemma 7.13, we need a simple result concerning the matrix B.

LEMMA 7.14. Let the matriz B be given by (7.49). For every i =1,..., K — 1,
we have

Bi—l —

(o)

(o) =1)
()

1

0

(

2
1

(6)G —1)”

)(i=1)

(

2
2

)

(-1
(DG —1)?
)i —1)

(

3
2

(

3
3

)

PROOF OF LEMMA 7.13. Suppose that the integers si,...,8x—1, f1,---,lK—_1
and m are chosen and fixed. For a point (c,,n) to lie in the rectangle (7.50), we
must have

(7.51) e € llip™* (L + 1)p™™)
foreveryi=1,..., K — 1, as well as
(7.52) n € [mp*t T (g 1ptteeR),

Comparing (7.46) and (7.52), it is clear that the value of the coefficient ag-l) for
every j > s1+...+Sg—_1 is uniquely determined. It therefore remains to show that
there is one choice of the vector

(1)

1
(a;7,... ()

9 a’sl+...+s;(_1

)

that satisfies the requirement (7.51) for every ¢ =1,..., K — 1.
Note next that for every i =1,..., K — 1, we have

Let us consider the p-adic expansion

—s; _ pi), -1

Lip =pP1Pp

W] T G @G- Q6 ]
ay B G-y OE-1? o
= L
az(f) @) afll)

+ ...+ 6£f)p*5i.
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If (7.51) holds, then in view of (7.47) or (7.48), we must have agi) = 6]@ for every

j=1,...,s;. This can be summarized by writing
COREa
1 i
ag ) é )
(7.53) W; aé” = éz) mod p,
alD
4 .
IR B A

where the matrix W; contains precisely the first s; rows of the matrix B~!. Now
recall that agl) are already uniquely determined for every j > S =981+ ...+ Sg_1
by (7.52), and clearly there are at most finitely many non-zero terms among these.

The system (7.53) can therefore be simplified to one of the form

- 1) - - ) A
O [0
1 i
||
(7.54) Vi az(),l) = ’Y:E,Z) mod p,
1 i
Lad’ ] LA
where the matrix V; contains precisely the first S columns of the matrix W;. On
combining (7.54) for every ¢ = 1,..., K — 1, we arrive at a system of S linear
congruences in the S variables agl), ceey a(sl), with the matrix given by
Vi
V =
Vi -1

It is not difficult to see that for every i =1,..., K — 1, we have
O G6-D QG- e (6D
B Qe-1 S G ICE Vi

i—1 S—1\(; S—s;
(ii—l) (s,-,—l)(z -1)7
a matrix with s; rows and S columns. It follows that the matrix V is of generalized
Vandermonde type, with determinant

H (,L-// _ i/)si/si// 3_& 0 mod P,

1</ <i" <K —1

in view of the assumption that p > K —1. Hence the system of S linear congruences
in the S variables agl),
coeflicients agl) are already uniquely determined for every j > S, we conclude that
there is precisely one value of n that satisfies all the requirements. ()

.,ag) has unique solution. Recall once again that the
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Analogous to Lemma 7.11, we have the following straightforward consequence of
Lemma 7.14.

LEMMA 7.15. For all non-negative integers si,...,Sx—1 and €1,... ,lx_1 such
that £; < p* holds for everyi=1,..., K — 1, and for every real number y > 0, we
have

B <L

K—-1
Fi [T1p 6+ 1)p~) x [U,y)]

i=1

To study Theorem 2.15, let N > 2 be a given integer. It follows at once from the
definition of F that the set

Fo=Fn([0,1)K1 x[0,N))
contains precisely N points. Let the integer h be determined uniquely by
ph—l <N < ph.

We can now deduce Theorem 2.15 from Lemmas 7.13 and 7.15 in a way similar
to our deduction of the same result from Lemmas 7.10 and 7.11 in Section 7.6.1,
noting that Lemma 7.12 remains valid with p; replaced by p. Indeed, rescaling the
second coordinate of the points of Fy by a factor N1, we obtain a set

P={(c,,N"'n):n=0,1,2,...,N — 1},

of precisely N points in [0, 1)% and which satisfies the conclusion of Theorem 2.15.

7.6.3. A General Point Set and a Digit Shift Argument. In this sec-
tion, we briefly describe a rather general digit shift argument developed by Chen
which enables us to establish Theorem 2.14 using Halton point sets discussed in
Section 7.6.1 or Faure point sets discussed in Section 7.6.2. Recall that these point
sets satisfy Lemma 7.10 and Lemma 7.13 respectively.

We shall only discuss the special case ¢ = 2.

Let p1 < ... < px—1 be primes, not necessarily distinct, and let h be a non-
negative integer. We shall say that a set of the form
(7.55) Z={(cp,n):n=0,1,2,...}
in [0,1)K~1 x [0,00) is a 1-set of order h with respect to the primes p1,...,px_1
if the following condition is satisfied. For all non-negative integers si,...,SK_1,

l,...,lg_1 and m such that s; < h and ¢; < p;* hold for every i =1,..., K — 1,
the rectangular box

K-1 K-1 K-1
LT = @+ Dp) < |m T pi (m+1) ] p%”)
i=1 i=1 i=1

contains precisely one point of Z.

If the primes p1,...,px_1 are distinct, then the Halton set H is a 1-set of every
non-negative order with respect to p1,...,px—_1. If the primes pq,...,px_1 are all
identical and equal to p, then the Faure set F is 1-set of every non-negative order
with respect to p,...,p, provided that p > K — 1.

The property below follows almost immediately from the definition.
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LEMMA 7.16. Suppose that h be a non-negative integer, and that Z is a 1-set of

order h with respect to the primes p1,...,px_1. Then for all non-negative integers
S1,...,8k—1 and by, ..., Ug_1 such that s; < h and {; < p;' hold for every i =
1,...., K —1, and for every real number y > 0, we have

E <1

K-1
Z; [ iy, (4 + 1)p;*) % [O,y)]
=1

Let N > 2 be a given integer, and let the integer h be determined uniquely by
(7.56) pit < N <pf.
For any 1-set (7.55) of order h with respect to the primes p1,...,px_1, the set
Zy=2Zn([0,1)X1 x [0, N))
contains precisely N points. Then it can be shown easily that the set
P={(ch,N"'n):n=0,1,2,...,N — 1},

of precisely N points in [0, 1)% and which satisfies the conclusion of Theorem 2.15.
To study Theorem 2.14 in the case ¢ = 2, we again choose the integer h to satisfy
(7.56). However, we need to modify the 1-set Z.
Let M denote the collection of all (K — 1) x h matrices T = (¢; ;) where, for
everyi=1,...,K—1land j=1,...,h, theentry t; ; € {0,1,2,...,p; —1}. Clearly
the collection M has (p; ...px_1)" elements.

For every n =0,1,2,..., let us write
c, = (ci(n),...,cx—1(n)).
For every i = 1,..., K — 1, we consider the base p; expansion

cl(n) = O.ai,lam BRI T3 X279 S R

For every T € M and every n =0,1,2,...,, we shall write
T T T
Cp = (Cl (n)7 s »CKfl(n))v
where, for every i =1,..., K — 1, we have
T

¢;i(n) =0.(a;,1®ti1)(aia®tio)...(ain Btin)Cint1---
where @ denotes addition modulo p;. It is not difficult to show that the shifted set
ZT¥={(cF,n):n=0,1,2,...}
in [0,1)% =1 %[0, 00) is also a 1-set of order h with respect to the primes py, ..., px_1.
Consider a rectangular box of the form
B(z1,...,vx-1,y) = [0,21) X ... x [0,2x_1) x [0,3) C [0,1)K~ x [0, N).
As in the earlier proof of Theorem 2.14 in the case ¢ = 2, we shall again consider

RO ()

the smaller rectangular box B( soo Tyl q,Y), where, for every i =1,..., K —1,

we replace the point x; by xz(h) = p;h[plhxi], the greatest integer multiple of p;h

not exceeding ;. Then for every T € M, we have
|E[ZT;B(‘T17 s 7IK—1ay)] - E[ZTaB(Igh), s axgg)_lay)” < K - 17

so it remains to study E[ZT; B(xgh), e ,x%)_l, y)] in detail. It can be shown that

> EZT; B, .. 2@ )P <k (b1 pr—1)"BEY,
Tem
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from which it follows that

N 1 1
/ / / <Z E[ZT;B(wgh),---737%)_1,31)“2) dzy...dek-1dy
0 0 0

TeM
N 1 1 , .
= Z </0 /o . ./0 |E[27T; B(;Ug ). ,x%ll,y)]|2 dzy...daeg_1 dy)
TeM
<x (p1---pr—1)"RETIN.
Hence there exists T* € M such that

N 1 1
/ / / ‘E[ZT*;B(l'l,...,J)K_l,y)]‘Qd.’L‘l...dJ)K_ldy<<K RE-IN.
0 0 0

Finally, we note that the set ZT N (]0,1)%~! x [0, N)) contains precisely N points.
Rescaling in the vertical direction by a factor N1, we observe that the set
P*={(21, 21, N '2k) (21,0, 25) € 2T}

contains precisely N points in [0,1)%, and satisfies the conclusion of Theorem 2.14
in the case ¢ = 2.



CHAPTER 8

The Disc Segment Problem

8.1. Alexander’s Technique

In this section, we introduce the integral geometric approach of Alexander and
study Roth’s disc segment problem first described in Section 3.2.

Suppose that U is the closed disc of unit area in R?, centred at the origin. Then
any disc segment S is simply the intersection of U with a half plane. Theorem 3.9
says that for any distribution P of N points in U, there always exists a disc segment
S with discrepancy |D[P; S]| > Ni.

We comment here that a slightly weaker estimate given in Theorem 3.8 can be
established using a variant of the Fourier transform technique described earlier in
Chapter 6, applied to R? rather than the torus T2, and also involving smoothing
arguments. The idea of Beck is to show that there is a thin rectangle in R? that
has large discrepancy and cuts U, so that the complement of this rectangle in U is
a union of two disc segments. Then at least one of these two disc segments must
have large discrepancy.

The technique of Alexander is based on the following well known result in integral
geometry. There is a motion invariant Borel measure A\x on the hyperplanes h of
euclidean space R¥ such that

1
(8.1) |lu—v| = 5)\K({h : h cuts uv}),
where for every points u,v € R¥, |[u — v| denotes the euclidean distance between
u and v, and UV denotes the open line segment with endpoints u and v.

Suppose that 7 is a signed Borel measure with compact support in euclidean
space R¥. Consider the functional

10 = [ [ u=viarwar).

The Crofton formula (8.1) leads to a representation of I(7) as an integral with
respect to the measure Ag, of the form

(8.2) I(r) = /H (b )r(h™) dAge (h),

where H  represents the set of all hyperplanes of RX, and h*, h~ denote the two
open half spaces determined by the hyperplane h. To see this, note that in view of
(8.1), we have

(8.3) I(1) = ;/H /RK /RK x(u,v,h)dr(u)dr(v)drg(h),
67
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where

1, if h intersects v at precisely one point,
0, otherwise.

x(u,v,h) = {
Suppose that h is a given hyperplane in R¥X. Consider the inner integral

(8.4) /]RK /RK x(u, v, h)dr(u)dr(v).

Clearly h intersects the open line segment v at precisely one point if and only if u
and v are in different open half spaces determined by h. It follows that the integral
(8.4) must be equal to 27(h™)7(h™). Substituting this into (8.3) leads immediately
to the formula (8.2).

Consider the special case when 7(RX) = 0. Clearly 7(h*) + 7(h™) = 7(R¥) for
almost all hyperplanes h in R¥ and so it follows from (8.2) that

I(r) = - /H ()P Ak (h) < 0.

Suppose that 7,7’ are signed Borel measures with compact support in euclidean
space R¥. We shall also consider the functional

() = /RK /RK ha — v|dr(u) dr (v).

The need for this extra functional will be clear from (8.5) below.

Suppose now that U is the closed disc of unit area in R?, centred at the origin.
Then any disc segment in U can be represented in the form UNh*, where h is a line
in R2. Suppose further that P is a distribution of N points in U. We consider the
signed Borel measure 0 = 01 — 03, where o7 is the discrete measure with support P,
satisfying o1 (x) = 1 for every x € P, and where 02(S) = Nu(U N S) for any Borel
set S in R2. In other words, o5 is equal to N times the usual Lebesgue area measure
p in R? restricted to U. It is easy to see that for every line h in R?, the quantity

o(ht) =#(MhTNP)— NuUNh")

represents the discrepancy of the disc segment U N hT. We therefore need to find
lower bounds for the quantity |I(c)|, where

I(0) :—/H o (h )2 s ().

To establish Theorem 3.9, it clearly suffices to show that |I(o)| > ¢N2, where ¢ > 0
is an absolute constant. Note that o(R?) = 0, and so we have I(c) < 0.
Using Fubini’s theorem, one can write

(8.5) I(o1 —o02) =/ |x —y|d(o1 — 02)(x)d(01 — 02)(¥)

R2 JR?

- / % — y] do () doy (y) + / % — y| doz(x) doa(y)
R2 Rz

R2 JRR?

9 / x — y| oy (x) dos (y)
R2 JR2

~Ion) 1o =2 [ | [ x=yldn(x)dn).
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Note that since o1(R?) = 02(R?) = N # 0, we do not have good control over the

signs of I(o1) and I(o3). To handle this problem, we introduce a discrete measure
® on the set R with support {rq,...,r¢}, to be specified later, such that

‘
(8.6) > o) =
t=1
and consider the product measure o x ® on R3, defined by
¢
(8.7) ox 0= d(r)o"
t=1

where, for every t = 1, ..., £, the measure ¢*) in R? is supported by the set U x {r},
with

(8.8) o (S x {r}) = a(S)
for every Borel set S in R?.
For every t = 1,...,/, it is easy to see that
(8.9) oW (R?) =W (R? x {r}) = o(R?*) =0
and

(8.10) I(c®) = /]R ] /R ) |(x,7¢) — (y,7¢)| do D (x,7)do® (y, )
— [ [ x=yldotxdoty) = I(o),
]R2 ]RQ

LEMMA 8.1. Suppose that |a1]| + ...+ |ag| = 1. Then

¢ ‘
—I <Z ata(t)> < - Z la [ I(c™).
t=1 t=1

PROOF. Suppose first of all that aq,...,a, are all non-negative. In view of (8.9),

we have
4
I <Z ata(t)> :/ <Z a;o(hT) ) do(R).
t=1 Ha =

Here we have used the fact that the measure ¢ in R? is concentrated on the set
R? x {r;} and, in view of (8.8), is essentially the same as the measure o in R2.
Using the Cauchy-Schwarz inequality, we have

(Z 110 ® () ) (Z ) (i atw(,ﬁ”z) |

so it follows that

14
—I <Zat0(t)> (Zat> Zat/ lo® ()2 dAg(h) Zatl )y,
t=1

again in view of (8. ) The general case follows on noting that if a; < 0, then
a0 ® = Ja,|(~o) and I(~o®) = I(6"). O
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Combining (8.6), (8.7), (8.10) and Lemma 8.1, we have

)
4 L
(8.11) —I(ox®)=—1 (Z @(rt)a(t)> <= (@) I(e™)

We therefore need to find a lower bound for —I(o x ®).
It is easy to check that

UX‘I):(O'l—O'Q)X(I):(O'lX(I))—(O'qu)).

Write 1 = 01 X ® and vy = 09 X ®. Then, corresponding to (8.5), in view of
Fubini’s theorem, we have

(8.12) —I(oc x®)=—I(v1) — I(v2) + 2J(v1,10).

Consider the product measure v = 02 x ® in R3. Analogous to (8.7), we have

¢
o9 X P = Z@(rt)aét),
t=1

where, for every t = 1, ..., ¢, the measure O'ét) in R is supported by the set U x {r;},

with oét)(S x {ri}) = 02(S) for every Borel set S in R%. Clearly

v2(R%) = 05(R?) Y ®(ry).

t=1

It follows that if

(8.13) > () =0,

t=1

then v5(R?) = 0, and so
(8.14) CI(vy) = / (B2 ds(B) > 0.
Hs

Recall next that the measure o1 in R? has support P. Write

P:{p17"’7pN}'

Then the product measure v; = o1 x ® in R3 can be described by
N
o1 X o = Zal(pi)é(’),
i=1

where, for every i = 1,..., N, the measure ®@ in R? is supported by the points
(Pis71),- -+ (Piy7e), with

(b(i)(piﬂ‘t) = ‘I’(Tt)

forevery t =1,...,7.
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LEMMA 8.2. We have
N N ) )
=>>"J(@D,00) + NI(®).

i=1 j=1
1#]

PrROOF. Note that the measure v; is supported by the points (p;,r:), where
i=1,...,Nand t=1,...,£. Since

4
J(@W o) = ZZ Pi,t) — (P, 7u)| W (pi, 7)Y (pj, 1)

p;) = 1, it follows that

—~

and Ul(pi) =01
4

l
ZZl plurt Pgﬂ"u)"/l(PuV"t)l/l(pg»ru)

t=1u=1

Mz
Mz

I(n) =

@
Il

-
.
I

-

14
Z I Pi, Tt p]aru)‘o'l(pz)q)( )(pz,Tt)al(p])<1)(J)(pJ,7“u)
u=1

I
M=
M=
MN

1

V4 14
(ZZ pi,7i) — (pj, )| @1 <pz,n><1>ﬂ><p],ru>>

-
Il
—
.
Il
-
o~
Il

I
M=
M=

i=1j=1 \t=1
N JN N

— ZZ d@ q)(J) ZZ‘] d@ q)(J) Z](q)(i)).
i=1 j=1 i=1 j=1 i=1

i#]
On the other hand, for every i = 1,..., N, we have

q)(l ZZ | purt pzaru)‘@(i)(pivrt)@(i)(piaTu)

t=1u=1

¢ ¢
- Z Z e — 1| @(re) 2 (ry) = 1(P).

The result follows. (O

At this point, we make the observation that

J(@", @ ZZ (Pis 1) = (P5,7)[ @7 (i, 1) @Y (D), 70)
t=1u=1
—ZZ pi = Py + e = rul?)? D(re) B (ry)
t=1u=1

depends only on the functional ® and the euclidean distance d = |p; — p;|. We can
therefore consider the function

A
= Z Z (A2 + |re — ru]?) % ®(re) ®(ry),
t=1u=1
so that for every ¢,5 =1,..., N, we have
J(@®,0V) = J(@, |p; — pj]).



72 8. THE DISC SEGMENT PROBLEM

We next consider the term J(vq,v2). Note that the product measure vo = g9 X ®
on R? can be described by

oy X @ :/ ) doy(y),
R?
where, for every y € R2, the measure ®®) in R® is supported by the points
(yalr'l)a ceey (Ya 7'(), with
W) (y, 1) = &(r)

forevery t=1,..., /.
Note that oq(p;) = 1 for every ¢ = 1,..., N. It follows, similar to the proof of
Lemma 8.2, that

(815) J(l/hlfg) =

WE
MN
MN

[ 1ir) = 5l (p)2(r)0(r) doa(y)

Il
—
o~
Il

i3 1 1

e
Il

o~
M-
i

@
Il
—

I
WE
%\
VoS

> i) — (yvru)lfﬁ(?’t)‘l’(ru)) doa(y)

J(®,|pi —y|) doa(y).

2

Il
M-
.

~
Il
—

We would like to ensure that J(®,d) is small when d is large. Using the series

expansion
h 2 % [e'S) 1 h 2k
2 23 _ 1 n — 2 =
(d* + n?) d<+(d)> d+d;(k)<d) :

we can write

2
J(®,d)=d (Z <I>(rt)> + Z (2) 1R (p)q—2k+1,

t=1 k=1
where, for every k =1,2,3,..., we have
£ ¢
ICR(@) =3 " fry — ru [P0 (ry) (ry).
t=1u=1

In view of (8.13), we have

< /1
(8.16) J(®@,d) =) (2) TR (@) g2+,

k=1
Let us summarize the various restrictions on the functional ® so far. We have
assumed that

l 4
@)l =1 and > @(ry) =0.

On the other hand, it follows from (8.16) that J(®,d) will be small when d is large
if we can ensure that 1(?)(®) = 0. We note also that if J(®, d) is non-positive, then
it follows from Lemma 8.2 that

(8.17) —I(1n) > —NI(®).
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LEMMA 8.3. Suppose that
¢

¢
Z(I)(’I‘t) =0 and Zrtq)(rt) =0

t=1
Then I®(®) = 0.

PRrROOF. Note that

4 0 4 4
IO@) =3 "y = rufPR(r)®(ra) = Y 0> (17 = 2rmy +12) B (re) (1)
t=1u=1 t=1 u=1
4 L 4
= (Z @(ru)> r2®(ry) — 2 <Z rtq)(rt)> (Z rué(ru)>
£ 4
+y (Z <I>(7’t)> r2®(r,).

The result follows immediately. (O

We therefore need

4 0 4
(8.18) d @) =1 and > @(r,) =0 and Y rd(r,)
t=1 t=1

=1
Then (8.14) holds. It follows from (8.11) and (8.12) that if (8.17) holds, then we
need a bound of the form

(8.19) —I(®) =1 N3,

~

=

as well as a bound of the form
(8.20) J(vi,v9) > —caN2,

where ¢; and co are positive constants satisfying ¢; > 2cs.

The conditions (8.18) require that the measure ® in R is supported by at least
three points. The measure ® in R, defined by ¢ = 3 and with support {0, +N *5},
such that

~ 1 ~ 1 1

(0)=- and P(EN"F)=__,
2 4
will satisfy (8.18) and give (8.19) for some constant ¢; > 0. Furthermore, it can be
shown that J(®,d) < 0 for every real number d > 0, so that (8.17) holds. While we
can also establish (8.20) for some constant ¢y > 0, it is not clear whether ¢; > 2¢s.
We therefore consider instead a measure ® in R, defined by £ = 3 and with support
{0,£aN~2}, such that

1
4 )
where « is a positive real number. Clearly the conditions (8.18) are satisfied. We

shall determine a suitable value for « later.
It is easy to check that we have

1
B(0) =5 and d(+aN"2) = —

(8.21) (@) = —
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and that for every k =1,2,3, ..., we have
1
(8.22) I1CR)(p) = ga%(élk —4)NF,

LEMMA 8.4. Suppose that d > 4aN~z. Then
3
|J(®,d)| < E&N*Qd*?

PROOF. It is easy to check that if d > 4aN~2, then the series (8.16) for J(®, d)
is a convergent alternating series, since by (8.22), the quantity

I(Qk))(q))d72k — éazk(llk _ 4)N7kd72k

is positive and decreasing in k, and the binomial coefficient (%) is decreasing in
magnitude and alternating in sign. Furthermore, it also follows from (8.22) that
I?)(®) =0, and so

1 ,
|J(®,d)| < ‘(z) IM(@)d3| = %Q4N*2d*3,

as required. (O
LEMMA 8.5. The function —J(®,d) is positive and decreasing for d > 0, with
—J(®,0) = %N—%.
PROOF. It is easy to check that
16.J(®,d) = 6d — 8(d> + a’N~1)2 + 2(d* + 40> N3,
Elementary calculus gives

lim J(®,d) =0,

d—+o00

as well as J'(®,d) > 0 for d > 0. The first assertion follows. The second assertion
is trivial. O

To study the term J(v1,2) and obtain a bound of the type (8.20), we refer to
(8.15) and study the integral

- / J(®, ps — y]) doa(y).
R2

For every i = 1,..., N, we know from Lemma 8.4 that —J(®, |p; —y|) > 0 for every
y € R2. Hence

- / J(@,|p; — y]) doay) < —N / (@, 1p: — y)) duu(y)
R2 R2
:—271-N/0 J(®,r)rdr.

By Lemma 8.5, we have

4o¢N_% o ) 4o¢N_% 3
—/ J(@,r)rdrgzN_ﬁ/ rdr=2a°N"2.
0 0
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By Lemma 8.4, we have

—/ J(®,r)rdr < / ioz4N_2r_2 dr = ioz?’N_%.
4aN"3 4aN—3 16 64

It follows that

131
- [ 3@ i =y doaly) < GmatN .
- 32
Combining this with (8.15) gives
131
(8.23) J(vi,1v2) = —§7T013N%.
Combining (8.11), (8.12), (8.14), (8.17) and (8.21)—(8.23), we conclude that
1 131
1(0)] > %N? - ﬁm?’N%
Choosing o = 11—6 gives
1 1
S Lot
10) > TN

and completes the proof.

8.2. The Davenport—Roth Method Revisited

Let U be a closed convex set in R? of unit area, and with centre of gravity at the
origin. For every non-negative real number r € R and every angle 6 € [0, 27], let
H(r,0) denote the closed halfplane

H(r,0) = {xcR?:x-e(f) >r},

where e(f) = (cos,sinf) and x -y denotes the scalar product of x and y, and
write

S(r,0) = H(r,0) NU and R(#) =sup{r >0:5(r,0) #0}.
The following result is more general than Theorem 3.11.

THEOREM 8.6 (Beck and Chen 1993). For every natural number N > 2, there
ezists a distribution P of N points in U such that

27 pR(0)
/ / \D[P: S(r, 0)]| dr 6 <o (log N)2.
0 0

Note that Theorem 3.11 is the special case U = Uy, the closed disc of unit area
in R2, centred at the origin.

The proof of Theorem 8.6 is in fact motivated by another special case where U is
the square [—%, %]2 To illustrate the main ideas, we shall first show that for every
natural number M, there exists a set P of N = (2M + 1)? points in [~1, 1]? such

202
that
27 rR(0)
/ / |D[P; S(r,0)]| dr df < (log N)?2.
o Jo

For ease of notation, we consider instead the following renormalized version of
the problem. Let V be the square [—M — %, M+ %]2 For every finite distribution Q
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of points in V and every measurable subset B C V, let Z[Q; B] denote the number
of points of Q that fall into B, and consider the discrepancy function

E[Q; B] = Z[Q; B] — u(B).
We shall show that the set

Q={-M,...,0,...,M}?
of N = (2M + 1) integer lattice points in V satisfies

2r  M(6)
(8.24) / / E[Q; S(r,0)]| dr 6 < M(log M)?,
o Jo
where, for every 0 € [0, 27], we have M (0) = (2M + 1)R(6).
The line
T(r,0)={xecR?:x-e(f) =r}
is the boundary of the halfplane H(r,#), and can be rewritten in the form
x1c080 4+ xo8inf =1,

where x = (71, 17) € R?.

Suppose that 0 < 6 < . Clearly M(0) = (M + 1)(cos 0 +sin6). We distinguish
two cases.

Case 1: If 0 < r < (M + $)(cosf — sin6), then it is not difficult to see that
T(r,0) intersects the top edge {(z1,M + 3) : |z1] < M + 1} and the bottom edge
{(z1,-M = %) |a1| <K M+ 3} of V.

Then

S(r,0) = Lj\j S(n,V,r,0),

n=—M
where, for every n = —M,...,0,..., M,
1 1
S(n,V,r,0) = S(r,0) N (RX {n_z’nmp'

Clearly
M

E[Q;S(r,0)] = Y E[Q;S(n,V,r,0)].

n=—M
Now, for every n = —M,...,0,..., M, it is easy to check that
Z[Q;5(n,V,r,0)] =M +ntand — rsect + 1]
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and

1
w(S(n,V,r,0)) = M +ntanf — rsect + 2

so that
E[Q;S(n,V,r,0)] = —¢(ntand — rsech),
where ¢(z) = z — [2] — § for every z € R. It follows that

M

E[Q;S(r,0)] = — Y ¥(ntanf —rsect).

n=—M

Case 2: If (M + %)(cosf —sinf) < r < (M + %)(cos6 + sinf), then it is not
difficult to see that T'(r,6) intersects the top edge {(z1, M + 3) : |z1| < M + £}

and the right edge {(M + 3, z2) : [za] < M + 3} of V.

\

In particular, the line T'(r, 6) intersects the right edge of V' at the point

1 1
<M+2,— (M+ 2> cot0+rcsc0>,

so that S(n,V,r,0) = () for every n < —(M + 3)cot@ +rcsc — 2. On the other
hand, it is trivial that E[Q;S(n,V,r, )] = O(1) always. It follows that

M
E[Q;S(r,0)] = — Z Y(ntand —rsecd) + O(1),
n=—M
(8.25)

where the summation is under the further restriction
1
(8.25) n>=-— <M + 2> cot 0 + rcsch.

Note that in Case 1, the restriction (8.25) is superfluous since it is weaker than
the requirement that n > —M. It follows that for every r > 0, we have

E[Q;5(r,0)] — G[Q;7,0] < 1,

where
M

G[Q;r,0] = — Z Y(ntand — rsech).

(8.25)
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Furthermore, it is easy to check that the Fourier expansion of G[Q;r, 0] is given by

Z elzrvsech) Z e(nvtand).

2miv
v#0 n=—
(8.25)

However, the restriction (8.25) prevents us from applying Parseval’s theorem.

We are in a similar situation to that encountered in Section 7.1. The restriction
(8.25) is indeed an analogue of the unfortunate term 1 in the expression (7.4).
However, Davenport’s idea of using an extra lattice does not appear to help us
here, as there is no obvious candidate for such an extra lattice. Unfortunately,
Roth’s idea of translating the lattice points creates large discrepancy near some of
the edges of V far greater than we can comfortably accommodate. We therefore
need a new idea.

Recall that every closed halfplane H(r, ) is described in terms of the variables r
and 6 relative to the origin. However, this is not necessary at all, as we can equally
well describe such halfplanes in terms of variables relative to any point y in V.
Accordingly, we introduce the following probabilistic argument which is somewhat
analogous to Roth’s idea of translation.

Let y = (y1,92) € [—3, 2]%. For every 6 € [0, 17] and every r > 1, let

(8.26) T(y;r,0) =T(r +y1cosf + yasinb, )
and
(8.27) S(y;r,0) = S(r +y1cos0 + ya2sinb, 9),

noting here that r + y; cosd + yo sin @ > 0 always. Then
E[Q;S(y;r,0)] = E[Q; S(r 4+ y1 cos + y2sin 6, 9)].

It is not difficult to see that if we write

M
G|Q;y;r, 0] = — Z Y(ntand — (r + y1 cosf + yo sin 6) secd),

n=—M
(8.25)

then

E[Q; S(y;r,0)] — G[Qsy;r, 0]
cot@, if M(0) —(2M +1)sinf —1 <r < M(0),
< 1, otherwise,
M, trivially,

where the first estimate cot § arises from the fact that we have not modified the
extra restriction (8.25). Note also that |y; cosf + yosind| < 1. It follows that if
r<M(0)— (2M + 1)sind — 1, then T(y;r, ) intersects the top and bottom edges
of V. Hence

T M)
(8.28) / / |E[Q; S(y;r,0)] — G|Q;y;r, 0] drdf < M.
o J1
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Now G[Q;y;r, 0] has the Fourier expansion

Ze(—(r+y1cosﬁ+y2sin0)ysect9) i e

5t nv tan 6)
v#0 n=—M
(8.25)
—rvsect) M
= Z 5y Z e((n —ya)vtan@)e(—y v).
n=—M
(8.25)

It follows that for every yo € [—%, %], we have, by Parseval’s theorem, that
2

1 M
| [G1Qiysr ) dn <<Z LI el - gwtand)
-2 n=—M
(8.25)
2
o0 1 M
:Zﬁ Z (nvtan)|
v=1 n=—M
(8.25)
so that
2
1M
(8.29) /1/1 [Q;y;m, 0] dy, dy2<<z Z e(nvtan®)
2 2 v=1 n=—M
(8.25)

o0
L. 2 -2
<<Zlﬁmln{M,Hl/tan9|| 1,

fy

where ||8|| = min,ez |8 — n| for every § € R.

We need the following crucial estimate. The short proof is due to Vaughan.

LEMMA 8.7. We have

1

i [ > 1 2
/ (Z]ﬁmin{MQ,Hutanm_Q}) df < (log M)?.
0

v=1

PROOF. Since tanf <0 if 0 <0 < iw, it suffices to show that

s 1 2 —2 ' 2
(8.30) /0 (Z g min{M?, ] }) dw < (log M)?.

n=1
Clearly
o M? 1
Z min{M?, [nw] =} < Z:lﬁmin{MallanI*Q}+1,
so that

N

oo 2 M?
Lo 2 L -1
(8.31) ( E 2 min{ M=, ||nw|| }) < E - min{M, ||nw||”"} + 1.

n=1 n=1

79
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Now, for every n = 1,..., M?, we have
1 1/2n
(8.32) / min{ M, ||nw| "} dw = 2n/ min{M, (nw) ™'} dw < log M.
0 0

Inequality (8.30) now follows on combining (8.31) and (8.32). O

By the Cauchy-Schwarz inequality, we have

(8.33) /1/1 [Q;y;r, 0] dyr dy2 < </1/1 [Q;y;7, 0] dyldy2>

It follows from (8.28), (8.29), (8.33) and Lemma 8.7 that
1
1

1
2

T M(9)
(8.34) / / / / E[Q; S(y;r,0)]| drdf dy; dy, < M (log M)?.
37/-370

For every 6 € [0, 37, every r > 1 and every y € [—3, %]2, let

s=r+41y;cosf + yssinb.

Then it is easy to see that |r — s| < 1. Since S(y;r,0) = S(r+y1 cosf+yasinb, ),
where 7 + y; cos 0 + yo sinf > 0, we must have

M(0)—1 M(9)
(8.35) / B[Q; S(r, 0)]| dr < / B[Q: S(y: 7, 0)]| dr.
2 1

On the other hand, we have the trivial estimate

0)
(8.36) (/ /Mg) 1) \B[Q: S(r, 0)]| dr < M.

It now follows from (8.34)—(8.36) that

iT M)
/ / |E[Q; S(r, )] dr d6 < M (log M),
0 0

The inequality (8.24) then follows from symmetry.

REMARK. It is clear that our argument is probabilistic in nature. However, we
manage at the end not to have to pay a price for using the probabilistic variable y.
This is a rare instance in the subject of irregularities of point distribution where we
have used a probabilistic argument and still finish with an explicit point set. The
reason for this is obvious — the probabilistic variable y does not modify the point
set in question.

Next, we consider the case when U = Uy, the closed disc of unit area and centred
at the origin.

Let N be any given natural number. Again we consider a renormalized version
of the problem, and take V to be the closed disc of area N and centred at the
origin. However, if we simply attempt to take all the integer lattice points in V as
our set Q, then by a famous theorem of Hardy on the number of lattice points in a
disc, the number of points of Q can differ from N by an amount sufficiently large
to make our task impossible.
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Our new idea is to introduce a set Q such that the majority of points of Q
are integer lattice points in V', and that the remaining points give rise to a one-
dimensional discrepancy along and near the boundary of V. More precisely, for any
x = (z1,12) € Z2, let

1 1 1 1
A(x) = A(z1, 22) = {131 - 5711 + 2} X [332 — §,x2 + 2] ;
in other words, A(x) is the aligned closed square of unit area and centred at x. Let
Q) = {q € 72 . A(q) - V} and V; = U A(q)
A€

The set Vi is represented by the shaded part in the picture below.
_—]

- —

~—

Note that the points of Q; form the majority of any point set Q of N points in V.
For the remaining points, let Vo = V' \ V;. Then it is easy to see, writing 7M? = N,
that p(Vz) € N and pu(Vz) < M. We partition V3 as follows. Write L = u(V2), and
let 0 =0y <0, <...<0r_1 <60 =1 be such that for every j =1,..., L, the set
R; ={x € Vz:2m0;_1 < argx < 2mh;} satisfies u(R;) = 1. For every j =1,...,L,
let q; € R;, and write Q2 = {q1,...,qr}. If we now take

(8.37) Q=0,UQy,

then clearly Q contains exactly N points.
For every measurable subset B C V, let Z[Q; B] denote the number of points of
Q that fall into B, and consider the discrepancy function

E[Q; B] = Z[Q; B] — u(B).
For any disc segment S(r, 6), the analysis of the discrepancy function
E[Q;S(r,0) N V] = E[Qy;S(r,0) N V]

is essentially similar to our earlier discussion, while the analysis of the discrepancy
function

E[Q; S(r,0) N Va] = E[Qy; S(r,0) N V3]
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gives rise to an error term of smaller order of magnitude. Detailed calculations,
using explicitly the equation of 9V, the boundary of V, will show that the set
(8.37) satisfies the inequality

27 M
/ / |E[Q; S(r,0)]|dr d§ < M (log M)
0 0

However, if we want to establish the full generality of Theorem 8.6, then we have
no explicit information on the boundary of V. Extra geometric consideration is
then required.



CHAPTER 9

Convex Polygons

9.1. Similar Copies of a Convex Polygon

Let us return to the unit torus T2.

Suppose now that B is a closed convex polygon in T?. For every real number
A € [0,1], every rotation 6 € [0,27] and every translation x € T?, we can consider
similar copies of B given by

(9.1) B\, 6,x) ={0(\y) +x:y € B}.

We now briefly indicate how our technique in Section 8.2 can be adapted to
establish the following result.

THEOREM 3.12 (Beck and Chen 1993). Let B denote a closed convex polygon in
the unit torus T2. For every natural number N > 2, there exists a distribution P
of N points in T? such that

27 1
// /|D[P;B(/\,9,x)}|d/\d9dx<<3 (log N)2.
T2 JO 0

Our study of Theorem 3.12 is motivated by our study of Theorem 3.11, and is
based on the simple observation that a convex polygon is the intersection of a finite
number of halfplanes. Indeed, a more striking way of putting this is to say that a
half plane is a convex monogon!

We shall only briefly discuss the problem in the special case when N = M? is
a perfect square. As before, it is convenient to consider a renormalized version of
the problem. Let V be the square [0, M]?, treated as a torus modulo M for each
coordinate.

Suppose that B is a closed convex polygon in V, treated as a torus. For every
real number A\ € [0,1], every rotation 6 € [0,27] and every translation x € V', we
can again define similar copies of B by (9.1). For every finite distribution Q of
points in V', we consider the corresponding discrepancy function

E[Q’ B(/\7 93 X)] = Z[Q, B()‘a 07 X)] - ,LL(B(A, 93 X))

To establish Theorem 3.12 in our special case, it clearly suffices to show that for
every natural number M > 2, the set

1 1
(9.2) Q:{(m—2,n—2>:m,neNandlgm,ngM}
of N = M? points in V satisfies the inequality

27 1 . 9
9.3) /V/O /0|E[Q,B(>\,97x)]|d)\d9dx<<3 N(log N)2.

83
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The idea is roughly as follows. Consider a fixed similar copy B(A,#,x) of the
convex polygon B. Then each edge of B(\,0,x) gives rise to a discrepancy of a
similar nature to the discrepancy arising from the edge of the halfplane S(r,6) in
our discussion in Section 8.2, and can be handled in a similar manner. The only
difference is that there are a few such edges rather than just one. This difference
poses no real difficulty, since discrepancy is additive in a certain sense. The only
difficulty is to find a suitable analogue of the probabilistic variable y. However,
we observe that the translation variable x, handled with great care, plays this role.
Indeed, the key idea in the proof of (9.3) is to split the integral over V' into a sum
of integrals over squares of unit area centred at the points of Q. This will enable
us to use the translation variable x in essentially the same way as the probabilistic
variable y in our earlier discussion. It can then be shown that the set (9.2) satisfies
the inequality (9.3).

9.2. Homothetic Copies of a Convex Polygon

Suppose again that B is a closed convex polygon in T?. For every real number
A € [0,1] and every translation x € T?, consider homothetic copies of B given by

B(\,x)={\y +x:y € B},

and denote by A*(B) the collection of all homothetic copies of B obtained this way.
We shall briefly indicate the central idea behind the proof of the following results.

THEOREM 9.1 (Chen and Travaglini 2007). Let B denote a closed convex polygon
in the unit torus T?. For every natural number N > 2, there exists a distribution
P of N points in T? such that

sup |D[P;A]| < log N.
AcA*(B)
THEOREM 9.2 (Beck and Chen 1997). Let B denote a closed convex polygon in

the unit torus T2. For every natural number N > 2, there exists a distribution P
of N points in T2 such that

1
//|D[P;B()\,x)]|2d)\dx<<3 log N.
T JO

It is easy to see that in the proof of Theorem 3.12 in the last section, the point
set P is made up of a square lattice that is suitably scaled. It is clear that the
resulting discrepancy function D[P; B(\,0,x)] can be rather large in magnitude
for some values of # and rather small in magnitude for other values of 6, and our
result follows since certain averages of the discrepancy function over 6 is small.
This observation leads us to consider, in the present case, the possibility of rotating
a square lattice to a suitable angle, and then perhaps making some appropriate
adjustments near the edge of the torus.

The square lattice A = (N _%Z)2 has roughly N points per unit area. Rotating
this to a suitable angle presents no difficulties, and we appeal to the following result
of Davenport on diophantine approximation.

LEMMA 9.3 (Davenport 1964). Suppose that f1,..., fr are real-valued functions
of a real variable, and have continuous first derivatives in some open interval I
containing Oy, where f1(0o),. .., f.(0p) are all non-zero. Then there exists 0 € I
such that f1(0),..., f-(0) are all badly approzimable.
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Without loss of generality, assume that the convex polygon B has centre of gravity
at the origin 0. Suppose further that B has k sides, with vertices vq,..., vy, where

™
(Vi—vj-1)-e (9j + 5) = [vj = vjl,

with 0 < 61 < ... < 0 < 27 and vg = vi. Here e(f) = (cosf,sinf) and u-v
denotes the scalar product of u and v. Let T} denote the side of B with vertices
v;—1 and v;, and note that the perpendicular from 0 to T; makes an angle 6; with
the positive z-axis.

An immediate conseqeunce of Lemma 9.3 is that there exists a real number
0 € [0, 2] such that the k 4+ 2 numbers

tan 6, tan (9 + g) stan(0 4 61), ..., tan(0 + 6y)

are all finite and badly approximable. We now choose one such value of # and
keep it fixed. We then rotate the square lattice A = (N ’%Z)z anticlockwise by
angle 6 to obtain the lattice Ay, and let Py = Ay N [0,1)2. Note that while the
set Py has roughly N points, it does not necessarily have precisely N points. This
turns out not to be an issue, and arbitrarily adding or deleting a suitable number
of points gives rise to a set P of precisely N points that satisfies the conclusion of
Theorem 9.1.

However, the analysis of the adjusted point set appears to give rise to an error
term too large for the method to lead to a proof of Theorem 9.2. To overcome this
difficulty, we appeal to Roth’s probabilistic method first discussed in Section 7.2,
introduce an extra translation variable and consider some average of the discrepancy
function over a suitable collection of translated copies of our basic construction.

More precisely, for every w € R?, write

wH+Ag={w+v:veA}

In other words, the lattice w + Ay is obtained from the lattice A by first rotating
anticlockwise by angle 6 and then translating by w. Note that w + Ay is a square
lattice with determinant N—!. We then study the discrepancy of the set

(9.4) Po(w) = (W + Ag) N[0, 1)

in [0,1)2, and show that there exists w* € (N~2Z)? such that
1
(9.5) / / |D[Po(w*); B(\,x)]|*d\dx <5 Nlog N.
12 Jo

As before, the set (9.4) may not have precisely N points. However, it can be
shown that arbitrarily adding or deleting a suitable number of points gives rise to
a modification of (9.4) which does not jeopardize the estimate (9.4).

REMARK. The method here can de adapted to give a proof of Theorems 2.10
and 2.11, and this explains the first footnote in Chapter 7.

9.3. Some Further Remarks

Throughout this section, D[P; A] denotes the discrepancy of a set P of N points
in the unit torus T2 with respect to a measurable subset A C T?. We first describe
the behaviour of the function

D(A,N) = inf sup |D[P;A4]|
IPI=N AcA
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with respect to three classes A of convex polygons in T?. Here the infimum is taken
over all distributions P of N points in T2.

Let © = (64,...,0k), where 61,...,0; € [0,7) are fixed, and denote by A(©) the
collection of all convex polygons A in T? such that every side of A makes an angle
0; for some i = 1, ..., k with the positive horizontal axis. The proof of Theorem 9.1
can be adapted to show that for every integer N > 2, we have

D(A(®),N) <g log N.
On the other hand, the Roth—Haldsz technique described in Section 4.3 has been
adapted by Beck and Chen to show that for every integer N, we have
D(A(®),N) >¢ log N.

Hence the problem is well understood for A(O).

Next, we relax the restriction on the direction of the sides of the convex polygons,
replace this with a restriction on the number of sides instead, and denote by Ag
the collection of all convex polygons in T? with at most k sides. Then a result of
Beck implies that for every integer N, we have

D(Ak,N) >k N%.
On the other hand, the large deviation technique in Section 5.2 has been adapted
by Chen and Travaglini to show that for every integer N > 2, we have
D(Ag,N) < Ni(log N)=.
There remains a small gap between the lower bound and the upper bound.

Finally, we relax all the restrictions on the direction and number of sides of the
convex polygons, and denote by A* the collection of all convex polygons in TZ.
Then the elegant argument of Schmidt in Section 4.1 has been extended by Chen
and Travaglini to show that for every every integer N, we have

D(A*,N) > N.
On the other hand, Theorem 3.5 implies that for every integer N > 2, we have
D(A*, N) < N3 (log N)*.

Again, there remains a small gap between the lower bound and the upper bound.
We conclude this chapter by mentioning some recent work motivated by the above
observations.
Let € be a set of directions in R?, and let Ay o denote the collection of all convex
polygons in T? with at most k sides with normals belonging to £€.

THEOREM 9.4 (Bilyk, Ma, Pipher and Spencer 2011). Let k > 3 be a fized integer.
(i) Suppose that Q is a lacunary sequence. Then
D(Ay.0,N) <p.q (log N).

(ii) Suppose that Q2 is a finite union of lacunary sets of order at most M.
Then
D(Ak,Q,N) <k,Q (log N)2M+1.

(iii) Suppose that Q has upper Minkowski dimension d € (0,1). Then
D(Ap,0,N) <k,0,e N3 e
for any € >0, where 7 =2(1 —d)=2 — 2.



CHAPTER 10

Fourier—Walsh Analysis

10.1. A Fourier—Walsh Approach to van der Corput Sets

In this section, we sketch yet another proof of Theorem 2.11 by highlighting the
interesting group structure of the van der Corput point set

P(2h) = {(0.a1aza3 ...an,0.ap, . ..azaza1) : a1,...,an € {0,1}}.

This is a finite abelian group isomorphic to the group Z%. We shall make use of
the characters of these groups. These are the Walsh functions.

To define the Walsh functions, we first consider binary representation of any
integer ¢ € Ny, written uniquely in the form

(10.1) (= i/\i(z)%l,

where the coefficient \;(¢) € {0,1} for every ¢ € N. On the other hand, every real
number y € [0,1) can be represented in the form

(10.2) y= Z ni(y)2~",

where the coefficient n;(y) € {0,1} for every i € N. This representation is unique
if we agree that the series in (10.2) is finite for every y = m2~° where s € Ny and
me{0,1,...,2° —1}.

For every ¢ € Ny of the form (10.1), we define the Walsh function wy : [0,1) — R
by writing

3 A (@Oni(y)
(10.3) we(y) = (—1)= :

Since (10.1) is essentially a finite sum, the Walsh function is well defined, and takes
the values +1. Tt is easy to see that wo(y) = 1 for every y € [0,1). It is well known
that under the inner product

1
(wg, we) :/O w(y)we(y) dy,

the collection of Walsh functions form an orthonormal basis of L?[0, 1].
For every £,k € Ny, we can define ¢ @ k by setting

Al @ k) = Xi(€) + A\i(k) mod 2
for every ¢ € N. Then it is easy to see that for every y € [0, 1), we have

(10.4) Week(y) = we(y)wi(y).

87
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For every x,y € [0,1), we can define = @ y be setting

ni(z & y) = ni(x) + ni(y) mod 2
for every ¢ € N. Then it is easy to see that for every ¢ € Ny, we have
(10.5) we(z ®y) = we(x)we(y).

We shall be concerned with the characteristic function

[ 1, ifyeB(x),
XBx)(¥Y) = { 0, otherwise,

of the aligned rectangle B(x) = [0,z1) X [0, z2), where x = (z1,22). Then we have
the discrepancy function

(10.6) DIP(2"); Bx)]= Y Xp(P)—2" w125,
pEP(2")

Clearly the characteristic function can be written as a product of one-dimensional
characteristic functions in the form

X B(x) (y) = X[O,xﬂ(yl)x[o,ﬁm)(y?)v

where y = (y1,y2). Since the Walsh functions form an orthonormal basis for the
space L?[0, 1], we shall use Fourier-Walsh analysis' to study characteristic functions
of the form (o ,)(y). We have the Fourier-Walsh series

(oo}
Xio.0) () ~ Y Xe(@)we(y),
£=0
where, for every ¢ € Ny, the Fourier—Walsh coefficients are given by

Sela) = /0 ") dy.

In particular, we have Xo(z) = z for every x € [0,1).
Instead of using the full Fourier—Walsh series, we shall truncate it and use the
approximation

2h—1

h ~
(10.7) Xio @) = 3 Xel@)we(y).
=0
Note that there exists a unique m € Ny such that m2=" <z < (m +1)27". Then
1, if0<y <m27h,
M (y) =< 2he—m, ifm2h< 127"
Xjo.)(¥) = z—m, ifm27" <y<(m+1)277,
0, if (m+1)27" <y<1,
where the quantity
(m+1)2~"
2"z —m=2" . X[o,0) () dy
m2—h

represents the average value of x[o ;) (y) in the interval [m2=", (m + 1)27").

1Simply imagine that we use Fourier analysis but with the Walsh functions replacing the
exponential functions.
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The approximation (10.7) in turn leads to the approximation

2h 1201
h h h -
Xt ) = Xl W)Xfonyy (12) = D 3~ Ra(x)WAly)
£1=0 £>=0

of the characteristic function x p(x)(y). Here 1 = (¢1,42),
(10.8) X1(x) = Xe, (21)Xeo (72)  and - Wi(y) = we, (y1)we, (y2)-

Corresponding to this, we approximate the discrepancy function (10.6) by
h
DW[PE": B = Y Xy (@)~ 2"m1s
pEP(2M)

2k —12P 1

S 3 R Wip) - 2"%o(x)

pEP(2h) £1=0 £3=0

2h 121

2 22 M) k),

£1=0 £3=0 pEP(2h)
(£1,€2)#(0,0)

noting that
(10.9) > Wo(p) = #P(2") =2".
pEP(2M)
It is well known in the theory of abelian groups that the sum
(10.10) > wip) € {0,2"}.
pPEP(2")

We therefore need to have some understanding on the set

L(h)=41€[0,2") % [0,2"):1#0and > Wi(p)=2"

PEP(2")
Then
(10.11) DMPERM; Bx)=2" Y fax).
1€L(h)

Recall the discussion at the beginning of Section 7.4. The estimate (7.20) shows
that the set P(2") is insufficient for us to establish Theorem 2.11. To overcome this
problem, we use digit shifts in Section 7.5. Here, for every t € Z2", we consider the
set

P2 et={pat:pecP(2")}
where, for every
p=(0.ay...ap,0.a...a1) € P(2") and t=(t),... th,t}, ..., t]) € Z3",
we have the shifted point?
pat=(0.b]...0),,0b...b7),

2Here we somewhat abuse notation, as t clearly has more coordinates than p. In the sequel,
Wi (t) is really W1(0 @ t), notation abused again.
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with the digits b,...,0,,b7,...,b} € {0,1} satistying
b, =as+t, mod2 and b)=as+ 1t mod2
for every s =1,...,h. Then
DWPE @t Bx)] = > Xy ®t) - 22z
pEP(2h)

2k _12h 1

Y3 T meen)|um

51:0 @2:0 peP(Qh)
(€1,£2)7(0,0)

2k _12h 1
Yoo mw | > Wilp) | ),
0,=0 £3=0 peEP(2M)

(€1,£2)7(0,0)
in view of (10.5) and the second identity in (10.8). It follows that
DWIP(2"); B(x)] = 2" Z Wi(t)xi(x)
1€ L(h)

Squaring this expression and summing over all t € Z2", we obtain

(10.12) S IDMPEM ot B =4" > [ Y mit)nx)

tez3h tezih \leL(h)

Y Y W OWe R )T (%)

tez2h V1" eL(h)

=4" ) > W)W (t) | X (x)x0 (x).

I, 1eL(h) \tezih

LEMMA 10.1. For every 11" € N2, we have

h R VAR 174
ZWV YW (t 2{4’ Zfl_l.’

0, otherwise.
tezih

PRrROOF. Note first of all that in view of (10.4) and the second identity in (10.8),
with V'@l = (04, 65)® (07, 05) = (¢, DY, thdly), we have Wy (t) Wi (t) = Wygr (t).
For simplicity, write

S= Y Wt)Wi(t)= > Wrgw(t

tez3h tez3h

If ' =17, so that ' @ 1” = 0, then Wy (t) = Wo(t) = 1 for every t € Z3", and
so clearly S = #7Z3" = 4" If 1" #1”, so that I’ ©1” # 0, then there exists tq € Z2"
such that Wy (to) # 1. As t runs through the group Z2", so does t @ tg, so that

S = Z Wrgr (t @ to) Z Wrgr (8) Wy g (to) = SWrgr (to),
tEZ2h tEZ2h

in view of (10.5) and the second identity in (10.8). Clearly S = 0 in this case. O
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Combining (10 12) and Lemma 10.1, we deduce that
(10.13) W Z IDMPERM @t B =4" > )P
tezih leL(h)
so that on integrating trivially with respect to x € [0, 1]?, we have
(10.14) — Z / IDW[P(2") @ t; B(x)]* dx = 4" Z % (x)[2 dx.
4 tezzn 10117 1eL(n) /10:11?

To estimate the right hand side of (10.14), we need to use a formula of Fine on
the Fourier-Walsh coefficients of the characteristic function xo ,)(y).

Let p(0) = 0. For any integer ¢ € N with representation (10.1), let
(10.15) p(f) = max{i € N: \;(£) # 0}, sothat 2°O~1 <200,
Then the formula of Fine gives

1 _
_ 4—r(£)
| et do = 2=
0

If we write p(1) = p(¢1) + p(¢2) for 1 = (¢1,¢3), then in view of the first identity in
(10.8), we have

4=,
[ RGP =,
[0,1]2 9

and the identity (10.14) becomes

(10.16) o Z/ IDM[P(2M) @ t; B(x) |2dx_ Z O

tez3h 0,1)2 1eL(h)

To estimate the sum on the right hand side of (10.16), we need some reasonably
precise information on the set L(h). The following result is rather useful.

LEMMA 10.2. For every y € [0,1) and every s € Ng, we have
251
Z we(y) = 2°Xj0,2-+)(¥)-
£=0
PrOOF. If y € [0,27°), then it follows from (10.2) that 7;(y) = 0 whenever
1 < i < s. On the other hand, for every £ =0,1,2,...,2°—1, it follows from (10.1)
that A\;(¢) = 0 for every ¢ > s. It follows that for every £ = 0,1,2,...,2° — 1, we
have

Zki(f)n Yy) =
i=1

and so we(y) = 1. On the other hand, if y € [27%,1), then it follows from (10.2)
that there exists some j € {1,...,s} such that n;(y) = 1. We now choose k €
{1,2,...,2°—1} such that A\;(k) = 1 and A\;(k) = O for every ¢ # j. Then wi(y) # 1.
It is easy to see that as ¢ runs through the set 0,1,2,...,2% — 1, then so does ¢ @ k,
so that

2°—1 2°—1 2°—1

> we Z weok(y) = wi(y) Y wily),

=0 =0
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in view of (10.4). The result follows immediately. O

LEMMA 10.3. For every si,s2 € {0,1,...,h}, let

2°1-12%2—-1

581,82 Z Z Z W]

0=0 £,=0 peP(2")
Then

2(s1, 82) = 251452 if 51 4 89 2> h,
=\e1 22/ = 2h, Z'f51+82<h.

PRrROOF. Writing p = (p1,p2) and 1 = (¢1,¢3) and noting the second identity in
(10.8) and Lemma 10.2, we have

YOS wme- Y (zwa@ﬂ)(z%(m))

£1=0 £2=0 peP(2h) peP(2h) \ £1=0 £2=0

=297 N T Xpp2a-e) (P1)X[o.2-o2) (P2)
pEP(2h)

= 2132 Z X[0,2_51)X[072_52)(p)‘
pEP(2h)

It is not difficult to deduce from Lemma 7.3 that every rectangle of the form
[mi27%, (m 4+ 1)27°) x [m22°~" (mg 4+ 1)2°7") C [0,1)?

where mi,my € Ny, and area 27", contains precisely one point of P(2"). Let
us say that such a rectangle is an elementary rectangle. Suppose first of all that
s1+ 2 = h. Then the rectangle [0,27°1) x [0,27°2) is contained in one elementary
rectangle anchored at the origin, and so contains at most one point of P(2"). Clearly
it contains the point 0 € P(2"), and so

Z X[O,Q*Sl)x[0,2*52)(p) =1
pPEP(2")

Suppose then that s; +s9 < h. Then the rectangle [0,2751) x [0,2752) is a union of
precisely 2"~51752 elementary rectangles, and so contains precisely 2"~5172 points
of P(2"), whence

peEP(2h)

This completes the proof. (O

Note that with s; = s3 = h, Lemma 10.3 gives

£1=0 £2=0 peP(2")

In view of (10.9) and (10.10), we conclude that #L(h) = 2" — 1. We now study the
set L(h) in greater detail.
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LEMMA 10.4. For every s1,s2 € {1,...,h}, let

L(s1,s9) = qle 2771 27) x 2271 2%) . Y~ Wy(p) =2"
pPEP(2")
Then
(i) for everyl € L(sy,s3), we have p(1) = s1 + s3;
(ii) we have
281+S2ih727 ZfSl + S2 2 h + 27
#L(s1,52) = ¢ 1, if s1+s2=h+1,
0, otherwise.

Furthermore, every 1 € L(h) belongs to L(s1,s2) for some s1,s2 € {1,...,h} that
satisfy s1 + so = h+ 1.

PrOOF. Note that if 1 € L(sy, s2), then p(1) = p(£1) + p(¢2) = s1 + s2, in view of
(10.15). This establishes part (i). To prove part (ii), note that in view of (10.10),
we have, in the notation of Lemma 10.3,

2°1 -1 2%2 -1

#L(s1,80) =27" Z Z Z Wi(p)

£1=251"1¢,=2%2"1 pecP(2")
= 27h(5(51, 52) — E(Sl — 1, 82) — E(Sl, S92 — 1) + E(Sl — 1, SS9 — 1))
Part (ii) now follows easily from Lemma 10.3. Finally, it is easily checked that

h h h h
DD EED DI A AR BT A(D)

81:1 52:1 51:1 52:1
s1+s2=h+1 s1+s22>2h+2

The last assertion follows immediately. (O
Using Lemma 10.4, we deduce that

leL(h) s1=1s2=1 S1
s1+sa=h-+1 S1

h h
>3

251+827h724751752

M=
M=

+
e Ll
WV &
Tl
M)—‘

9=81 —so—h—2

M=
M=

81:1 82:1 81:1 82:1
s1+s2=h+1 S1+s22h+2
h h h h h
=D S SEERED 95 3 SEREE
s1=1s5=1 k=2 s1=1s5=1
s1+sa=h+1 s1+sa=h+k

h h h
=4I NN ok

k=2 81:1 32:1
s1+sa=h+k

h
< 4~hlp 4 gamhy Z 27k < 4= hp,
k=2
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Combining this with (10.16), we obtain

h
|D(h 2" @ t; B(x)]|?dx < = < log N,

noting that N = 2" in this case. Hence there is a digit shift t* € Z2" such that
/ IDWP(2") @ t*; B(x)]|? dx < log N,
[0,1]

essentially establishing Theorem 2.11, apart from our not having properly ana-
lyzed the effect of the approximation of the certain characteristic functions by their
truncated Fourier—Walsh series.

We complete this section by making an important comment for later use. Let us
return to (10.11) and make the hypothetical assumption that the functions x;(x),
where 1 € L(h), are orthogonal. Then

/ DM [P(2"h); B(x) \de—4h2/ IX1(x)[? dx.
[0,1]2

leL(h

Note that the right hand side is exactly the same as the right hand side of (10.14),
so that we can analyze this as before.

Unfortunately, the functions x)(x), where 1 € L(h), are not orthogonal in this
instance, so we cannot proceed in this way. Our technique in overcoming this
handicap is to make use of the digit shifts t € Z2", and bring into the argument,
one may say through the back door, some orthogonality in the form of Lemma 10.1.

10.2. Group Structure and p-adic Fourier—Walsh Analysis

To have a better understanding of the underlying ideas, it is necessary to study
p-adic versions of the analysis carried out earlier and in some generality. Let us
again restrict our attention to Theorem 2.11.

Let p be a prime, and consider finite abelian groups isomorphic to the group Zg’.
We shall make use of the characters of these groups. These are the base p Walsh
functions, usually known as the Chrestenson or Chrestenson-Levy functions. For
simplicity, we refer to them all as Walsh functions here.

To define these Walsh functions, we first consider p-ary representation of any
integer ¢ € Ny, written uniquely in the form

(10.17) (= i Ai(O)p

where the coefficient \;(¢) € {0,1,...,p — 1} for every ¢ € N. On the other hand,
every real number y € [0,1) can be represented in the form

(10.18) y = Z ni(y)p~",

where the coefficient n;(y) € {0,1,...,p — 1} for every ¢ € N. This representation
is unique if we agree that the series in (10.18) is finite for every y = mp~*° where
s€Ngpand m e {0,1,...,p° — 1}.
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For every ¢ € Ny of the form (10.17), we define the Walsh function wy : [0,1) — R

by writing
=%<§:&®m@07
i=1

where e, (z) = e™*/? for every real number 2. Since (10.17) is essentially a finite
sum, the Walsh function is well defined, and takes the p-th roots of unity as its
values. It is easy to see that wg(y) = 1 for every y € [0,1). It is well known that
under the inner product

1
<%wblwmmwm

the collection of Walsh functions form an orthonormal basis of L?[0, 1].
The operation @& defined modulo 2 previously can easily be suitably modified to
an operation modulo p. Then (10.4) and (10.5) remain valid in this new setting.
As before, we shall use Fourier—Walsh analysis to study characteristic functions
of the form x[o ,)(y). We have the Fourier-Walsh series

X[0,2) (¥ Z Xe(z

where, for every ¢ € Ny, the Fourier—Walsh coefficients are given by

mmsz@w

In particular, we have Xo(z) = z for every x € [0,1). Again, as before, instead of
using the full Fourier—Walsh series, we shall truncate it and use the approximation

1

((})L)x) Z XZ

This approximation in turn leads to the approximation

ph—1ph-1

() (h
X500 (¥) = Xooey) U)X 1, (82) KZ eZ x(x
1=0 £5=0

of the characteristic function x p(x)(y). Here 1 = (£1,42),

%l(x) = %41 (‘Tl)iab (xQ) and Wl(y) = Wy, (y1)w€2 (y2)'

Suppose that P is a set of p* points in [0,1)2. We approximate the discrepancy
function

x)] = Z XB(x) (p) *phxﬂz
peP
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by
D" [P; B(x Z X(Bh)x) phxle
pEP
ph—1p"-1
=y X1(x)W(p) — p"*Xo(x)
PEP £,=0 £,=0
ph—1p"—1

=% [T wie) | ),

£1=0 £5=0 pPEP
(£1,£2)7#(0,0)

noting that
> Wo(p) = #P(p") = p".
peEP
It is well known in the theory of abelian groups that the sum
S Wilp) € {0.9")
peP

if P is isomorphic to ZZ. We therefore need to have some understanding of the set

L(h) =<1€[0,p") x [0,p") :1£0 and > Wi(p) =
pPEP

Then
(10.19) DWIP;B(x)] =p" > x(x).

1€ L(h)

We have the following special case of a general result of Skriganov.

LEMMA 10.5. Suppose that the prime p satisfies p > 8. Then we can construct
sets P of p points in [0,1)? that are isomorphic to ZZ and such that the functions
X1(x), where 1 € L(h), are orthogonal, so that

(10.20) /[01] IDWP; B(x)][?dx = p*" ) /

xai(x)|? dx.
1eL(h) 10112

To progress further, we need to estimate each of the integrals

w02y [ e ([ RateoRan) ([ e a)

on the right hand side of (10.20).
LEMMA 10.6. We have

! ) 1 1 = L
(10.22) /0 IXo()] da:zi—kmz:csc —.

Furthermore, for every £ € N, we have

1 .

- _ 1 TA(l) 1 1 j

2 200 [ L 2 1 2
(10.23) ; IXe(2)|*de =p~=F 5 €8¢ ) 1 + 2= E csc ,
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where
(0) = 0, if £ =0,
PEZ max{i € N: \(0) #£0}, ifteN,

denotes the position of the leading coefficient of € given by the representation (10.17)
and M(€) = Xy (£) denotes its value.

SKETCH OF PROOF. We have the Fine—Price formula, that for every ¢ € Ny,
(10.24) Xe(z) = p~POuy(z),

where
(10.25) uo () 7w0 —i—Zp_ZZCJ 1— ) i (2),

and where for every ¢ € N,

(10.26) w@%ﬂl—@mY%wM@+(;—G—CWU”>WW)

oo p—1
Y P I =) weg e ().
i= j=1
Here 7(£) = £ — A(0)p*®)=1, and ¢ = e*™/P is a primitive p-th root of unity. The

right hand side of (10.26) is a linear combination of distinct Walsh functions. It
follows that for every ¢ € N, we have

(10.27) /0 lug ()| da

1 1 1 1 1
Ao (3~ =0m) b~ =)

o] p—
+Zp*212|1 ¢

=21 - ¢MO72 2

The identity (10.23) follows on combining (10.24) and (10.27) with the observation
; 275\ 2 27y mj
(10.28) 11— ¢ = (1—c0s j) +sin? 2 = 45in? ™.
p p p

Similarly, we have

_ 1 o
(10.29) / |uo(2)|* dz = - +ZP 222\1 dI? =< ]ﬁZH—GI %
j=1

The identity (10.22) follows on combmmg (10.24), (10.28) and (10.29). O

LEMMA 10.7. For every £ € Ny, we have
2—2p(¢)

! p
/ Re()? dz <
0 4
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SKETCH OF PROOF. Suppose first of all that ¢ # 0. Then using the inequality
: 2
2T] _ P
S - < -
cse 1
for every j =1,...,p— 1, we see from (10.23) that
1 2 20 2—2p(0)
T —opey (P71 PP(p—1) P
d < p(0) [ £ — g .
[ P as <o (5 o ) <

On the other hand, it follows similarly from (10.22) that

1 20,0 _ 2 2—-2p(0)
- 1 plp=1) _p° _ p—7
2
dr< -+ -—5—~<—F— ="
/0 o)l de < 3+ 950,77y S 7 4
as required. O
Combining (10.21) and Lemma 10.7, we conclude that
4—2p(1)
| IRbop ax<
[0,1]?

where p(1) = p(£1) + p(¢3). Thus we need to estimate the sum

(10.30) Z p2e()

1€L(h)

Here p(l) is a non-Hamming weight that arises from the Rosenblum—Tsfasman
weight in coding theory. The idea here is that if the distribution dual to P has
sufficiently large Rosenblum—Tsfasman weight, then we can obtain a good estimate
for the sum (10.30).

The details are beyond the scope of these lectures.

10.3. Explicit Constructions and Orthogonality

The first proof of the analogue of Theorem 2.11 in arbitrary dimensions by Roth
is probabilistic in nature, as are the subsequent proofs by Chen and Skriganov. The
disadvantage of such probabilistic arguments is that while we can show that a good
point set exists, we cannot describe it explicitly.

On the other hand, the proof by Davenport of Theorem 2.11 is not probabilistic
in nature, and one can describe the point set explicitly. However, finding explicit
constructions in dimensions K > 3 turns out to be rather hard. Its eventual solution
by Chen and Skriganov is based on the observation that provided that the prime p
is sufficiently large, then the functions Xi(x), where 1 € L(h), are quasi-orthogonal,
so that some weaker version of Lemma 10.5 in arbitrary dimensions holds.

However, if we are not able to establish any orthogonality or quasi-orthogonality,
then our techniques thus far fail to give any explicit constructions in dimensions
K > 3. To establish an appropriate upper bound, we may resort to digit shifts as
before. We describe this in the special case K = 2.

For every t € Zf,h, we consider the set

Pot={pdt:peP}
where, for every p € P and
t=(th,... tht,....t) ez
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the point p @ t is obtained from p = (p1,p2) by shifting the s-th digit of p; by ¢/,
modulo p and shifting the s-th digit of py by ¢!/ modulo p, for every s = 1,..., h.
Then we can show that

DWP et Bx) =" Y Wit)ux).
1€L(R)

Squaring this expression and summing over all t € Zf,h , we obtain

> IDWPetBEIF=p" | > Welt)Wir(t) | X ()X (x).

tezzh V17eL(h) \tez2h

LEMMA 10.8. For every 1',1” € N2, we have

2h ifl =17
Z Wl’ Wl” ):{ p ) Zf ) ?

< 0, otherwise.
tezzh

We now conclude that

Z IDM[P @ t; B(x p2h Z (x

p tez2h leL(h

Integrating with respect to x trivially over [0, 1]?, we conclude that

(10.31) = Z/ IDM[P @ t; B(x)]]>dx =p*" Y /

tez2h 1eL(n) 10112

Note that the right hand sides of (10.20) and (10.31) are identical.

Lemma 10.8 can be viewed as an orthogonality result.

If the conclusion of Lemma 10.5 does not hold through a lack of orthogonality or
quasi-orthogonality of the functions Xi(x), where 1 € L(h), then we can resort to
digit shifts and import orthogonality via the backdoor by using Lemma 10.8.

We may therefore conclude that orthogonality or quasi-orthogonality in some
form is central to our upper bound arguments here, whether we consider explicit
constructions or otherwise.

Xl ‘2 dX



